Distribución asintótica de los estimadores MCO en una regresión lineal con variables explicativas que siguen procesos estocásticos strong-mixing y tendencia by Huaranga Narvajo, Juvert Alexi
  
Universidad Nacional Mayor de San Marcos 
Universidad del Perú. Decana de América 
 
Dirección General de Estudios de Posgrado 
Facultad de Ciencias Matemáticas 
Unidad de Posgrado 
 
 
Distribución asintótica de los estimadores MCO en una 
regresión lineal con variables explicativas que siguen 
procesos estocásticos strong-mixing y tendencia 
 
TESIS 
Para optar el Grado Académico de Magíster en Estadística 
Matemática 
 
 AUTOR 
Juvert Alexi HUARANGA NARVAJO 
 
ASESOR 
Mg. Antonio BRAVO QUIROZ 
 
Lima, Perú 
2018 



Dedicatoria:
Dedico esta tesis a Dios por darme la vida cada
día, a mis profesores de maestría por compartir
sus invaluables conocimientos y a esta prestigiosa
casa de estudios por la oportunidad brindada de
seguir mejorando.
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❆✳ ❋ór♠✉❧❛s ② ♣r♦❝❡❞✐♠✐❡♥t♦s ✺✻
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❇✐❜❧✐♦❣r❛❢í❛ ✻✵
❈❛♣ít✉❧♦ ✶
▲❛ ♣r❡s❡♥t❡ ✐♥✈❡st✐❣❛❝✐ó♥
✶✳✶✳ ❙✐t✉❛❝✐ó♥ Pr♦❜❧❡♠át✐❝❛
❊❧ ❡st✉❞✐♦ ② ❛♥á❧✐s✐s ❞❡ ❧❛s s❡r✐❡s t❡♠♣♦r❛❧❡s t✐❡♥❡ ❛♣❧✐❝❛❝✐♦♥❡s ❡♥ ❜✐♦❧♦❣í❛✱ ❡❝♦✲
♥♦♠í❛✱ ✐♥❣❡♥✐❡rí❛✱ ❛str♦♥♦♠í❛ ② ♦tr♦s ❝❛♠♣♦s ♣♦r ❧♦ q✉❡ s❡ ❤❛ ❝♦♥✈❡rt✐❞♦ ❡♥ ✉♥ ár❡❛
❞❡ ❝♦♥st❛♥t❡ ❝r❡❝✐♠✐❡♥t♦ ❞❡♥tr♦ ❞❡ ❧❛ ❡st❛❞íst✐❝❛ ♠❛t❡♠át✐❝❛✳ ❉❛❞♦ q✉❡ ❧❛ ♥❛t✉r❛✲
❧❡③❛ ❞❡ ❧❛s s❡r✐❡s t❡♠♣♦r❛❧❡s ❡s ❞✐♥á♠✐❝❛✱ ✉♥♦ ❞❡ ❧♦s ♦❜❥❡t✐✈♦s ❜ás✐❝♦s ❡♥ ❡❧ tr❛❜❛❥♦
❛♣❧✐❝❛❞♦ ❡s ✐❞❡♥t✐✜❝❛r ❡st❛s r❡❧❛❝✐♦♥❡s ❞✐♥á♠✐❝❛s ❡♥tr❡ ❧❛s s❡r✐❡s t❡♠♣♦r❛❧❡s ❡♥ ❝❛s♦
❡①✐st❛✳
❊①✐st❡♥ ❞✐✈❡rs♦s ♠ét♦❞♦s ♣❛r❛ ❧❛ ♦❜t❡♥❝✐ó♥ ❞❡ r❡❧❛❝✐♦♥❡s ❞✐♥á♠✐❝❛s ❡♥tr❡ ❧❛s
s❡r✐❡s t❡♠♣♦r❛❧❡s✱ s✐❡♥❞♦ ❧♦s ♠ás ✉s❛❞♦s✿ ♠♦❞❡❧♦s ❡s♣❛❝✐♦✲❡st❛❞♦✱ ✈❡❝t♦r❡s ❛✉t♦✲
r❡❣r❡s✐✈♦s✱ ❢✉♥❝✐♦♥❡s ❞❡ tr❛♥s❢❡r❡♥❝✐❛ ② r❡❣r❡s✐♦♥❡s✳ ❊♥ ❝♦♠♣❛r❛❝✐ó♥ ❛ ❧♦s ❞❡♠ás
♠ét♦❞♦s ❡❧ ✉s♦ ❞❡ r❡❣r❡s✐♦♥❡s ❡♥ ❡❧ ❛♥á❧✐s✐s ❞❡ s❡r✐❡s t❡♠♣♦r❛❧❡s ❡s ❞❡ ❢á❝✐❧ ✐♥t❡r♣r❡✲
t❛❝✐ó♥ ② ♣r♦❣r❛♠❛❝✐ó♥ ❡♥ ♣❛q✉❡t❡s ❡st❛❞íst✐❝♦s✱ ❡♥ ❝♦♥tr❛♣❛rt❡✱ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s
❞❡ ❧♦s ❡st✐♠❛❞♦r❡s ② t❡st ❡st❛❞íst✐❝♦s ❡♥ ✉♥❛ r❡❣r❡s✐ó♥ ❞❡ s❡r✐❡s t❡♠♣♦r❛❧❡s ❣❡♥❡✲
r❛❧♠❡♥t❡ s♦♥ ❛s✐♥tót✐❝❛s ② ♥♦ s♦♥ ❡stá♥❞❛r ❞❡❜✐❞♦ ❛ q✉❡ ❧❛s s❡r✐❡s t❡♠♣♦r❛❧❡s s♦♥
♣r♦❝❡s♦s ♥♦ ❞❡♣❡♥❞✐❡♥t❡s✳
▲❛ ♥❡❝❡s✐❞❛❞ ❞❡ ♦❜t❡♥❡r ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s ❡♥ r❡❣r❡s✐♦♥❡s ❞❡
s❡r✐❡s t❡♠♣♦r❛❧❡s ❞✐♦ ❞❡s❛rr♦❧❧♦ ❛ ❧❛ t❡♦rí❛ ❡st❛❞íst✐❝❛ ♥❡❝❡s❛r✐❛ ♣❛r❛ s✉ ♦❜t❡♥❝✐ó♥✱
✻
❈❆P❮❚❯▲❖ ✶✳ ▲❆ P❘❊❙❊◆❚❊ ■◆❱❊❙❚■●❆❈■Ó◆ ✼
❞❡ ♠♦❞♦ q✉❡ ❧♦s ❡st✐♠❛❞♦r❡s ② t❡st ❡st❛❞íst✐❝♦s ❡♥ ❝❛❞❛ r❡❣r❡s✐ó♥ ❝♦♥ ❞✐❢❡r❡♥t❡s t✐♣♦s
❞❡ ✈❛r✐❛❜❧❡s ♦ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s t✐❡♥❡♥ s✉ ♣r♦♣✐❛ ❞✐str✐❜✉❝✐ó♥✳ ❊st❛ t❡♦rí❛
❡stá ❜❛s❛❞❛ ❡♥ r❡❣r❡s✐♦♥❡s ❡st✐♠❛❞❛s ♠❡❞✐❛♥t❡ ❡❧ ♠ét♦❞♦ ❞❡ ♠í♥✐♠♦s ❝✉❛❞r❛❞♦s
♦r❞✐♥❛r✐♦s ✭▼❈❖✮✱ t❛❧ ♠ét♦❞♦ ❝♦♥s✐st❡ ❡♥ ♠✐♥✐♠✐③❛r ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❧♦s ❝✉❛❞r❛❞♦s
❞❡❧ ❡rr♦r ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ♣❛rá♠❡tr♦s ♣❛r❛ ♦❜t❡♥❡r ❧♦s ❡st✐♠❛❞♦r❡s ✭❙❡❜❡r ② ▲❡❡✱
✷✵✵✸✮✳
✶✳✷✳ ❏✉st✐✜❝❛❝✐ó♥ ❞❡ ❧❛ ✐♥✈❡st✐❣❛❝✐ó♥
▲❛ ✐♥✈❡st✐❣❛❝✐ó♥ s❡ ❥✉st✐✜❝❛ ♣♦rq✉❡ ❛❧ ❝♦♥♦❝❡r ❧❛ ✈❡r❞❛❞❡r❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❧♦s
❡st✐♠❛❞♦r❡s ▼❈❖ ❡♥ ✉♥❛ r❡❣r❡s✐ó♥ ❧✐♥❡❛❧ ❝♦♥ ✈❛r✐❛❜❧❡s ❡①♣❧✐❝❛t✐✈❛s q✉❡ s✐❣✉❡♥ ♣r♦✲
❝❡s♦s ❡st♦❝ást✐❝♦s str♦♥❣✲♠✐①✐♥❣ ② t❡♥❞❡♥❝✐❛ ♣❡r♠✐t❡ ✐♠♣❧❡♠❡♥t❛r ♣r♦❝❡❞✐♠✐❡♥t♦s
✐♥❢❡r❡♥❝✐❛❧❡s ♠ás ❣❡♥❡r❛❧❡s ❡♥ ❡❧ ♠❛r❝♦ ❞❡❧ ♠♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥ ②❛ q✉❡ s❡ ♣✉❡❞❡♥
❛❧ ✐♥❝❧✉✐r ✈❛r✐❛❜❧❡s ❞❡♣❡♥❞✐❡♥t❡s ❝♦♥ ♣r♦♣✐❡❞❛❞❡s ❡st❛❞íst✐❝❛s ♠ás ❞é❜✐❧❡s q✉❡ ❧❛s
r❡q✉❡r✐❞❛s ❡♥ ♦tr♦s ♠♦❞❡❧♦s ❞❡ r❡❣r❡s✐ó♥ ② ❛❧ ♠✐s♠♦ t✐❡♠♣♦ s❡ ♣✉❡❞❡ ✐♥❝❧✉✐r ✉♥❛
t❡♥❞❡♥❝✐❛ ❡♥ ❡❧ ♠♦❞❡❧♦✱ ② ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ ❡✈✐t❛r ❧❛s r❡❧❛❝✐♦♥❡s ❝❛✉s❛❧❡s ❡s♣✉r✐❛s ❡♥
r❡❣r❡s✐♦♥❡s ❞❡ s❡r✐❡s t❡♠♣♦r❛❧❡s ♥♦ ❡st❛❝✐♦♥❛r✐❛s✱ ❡st♦ ❡s✱ s♦st❡♥❡r q✉❡ ❡①✐st❡ ✉♥❛
r❡❧❛❝✐ó♥ ❝❛✉s❛❧ ❡♥tr❡ ❧❛s ✈❛r✐❛❜❧❡s ❝✉❛♥❞♦ ❡♥ r❡❛❧✐❞❛❞ ♥♦ ❧❛ ❤❛②✳ ❚❛❧ ♣r♦❝❡❞✐♠✐❡♥t♦
❡s ❞❡ ❣r❛♥ ✐♠♣♦rt❛♥❝✐❛ ❡♥ tr❛❜❛❥♦s ❛♣❧✐❝❛❞♦s✳
✶✳✸✳ ❖❜❥❡t✐✈♦s ❞❡ ❧❛ ✐♥✈❡st✐❣❛❝✐ó♥
✶✳✸✳✶✳ ❖❜❥❡t✐✈♦ ❣❡♥❡r❛❧
❉❡r✐✈❛r ❛♥❛❧ít✐❝❛♠❡♥t❡ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s ▼❈❖ ❡♥ ✉♥❛ r❡❣r❡✲
s✐ó♥ ❝♦♥ t❡♥❞❡♥❝✐❛ ② ✈❛r✐❛❜❧❡s ❡①♣❧✐❝❛t✐✈❛s q✉❡ s✐❣✉❡♥ ♣r♦❝❡s♦s ❡st♦❝ást✐❝♦s
❞❡♣❡♥❞✐❡♥t❡s str♦♥❣✲♠✐①✐♥❣✳
❈❆P❮❚❯▲❖ ✶✳ ▲❆ P❘❊❙❊◆❚❊ ■◆❱❊❙❚■●❆❈■Ó◆ ✽
✶✳✹✳ ❘❡✈✐s✐ó♥ ❞❡ ❧❛ ❧✐t❡r❛t✉r❛
❊❧ ❡st✉❞✐♦ ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❛s✐♥tót✐❝❛s ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s ▼❈❖ ❡♥ r❡❣r❡s✐♦♥❡s
❝♦♥ s❡r✐❡s t❡♠♣♦r❛❧❡s ❡s ❞❡ ❧❛r❣❛ ❞❛t❛✳ ❊♥ ❡❧ ♣❧❛♥♦ ✉♥✐✈❛r✐❛❞♦✱ s❡ t✐❡♥❡♥ ❧♦s tr❛✲
❜❛❥♦s ❞❡ P❛r❦ ② P❤✐❧❧✐♣s ✭✶✾✽✽✮ q✉❡ ❞❡s❛rr♦❧❧❛♥ ❧❛ t❡♦rí❛ ❛s✐♥tót✐❝❛ ❡♥ r❡❣r❡s✐♦♥❡s
♠✉❧t✐✈❛r✐❛♥t❡s ❝♦♥ ♣r♦❝❡s♦s ✐♥t❡❣r❛❞♦s ❞❡ ❞✐❢❡r❡♥t❡ ♦r❞❡♥✱ t❛❧❡s r❡❣r❡s✐♦♥❡s ♣✉❡❞❡♥
t❡♥❡r ✐♥t❡r❝❡♣t♦s✱ ❞❡r✐✈❛s ② t❡♥❞❡♥❝✐❛s t❡♠♣♦r❛❧❡s✳ ❊♥ ❉✉r❧❛✉❢ ② P❤✐❧❧✐♣s ✭✶✾✽✽✮ s❡
❛♥❛❧✐③❛♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❛s✐♥tót✐❝❛s ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s ▼❈❖ ❝✉❛♥❞♦ s❡ r❡❛❧✐③❛ ❧❛
❡①tr❛❝❝✐ó♥ ❡rró♥❡❛ ❞❡ ❧❛ t❡♥❞❡♥❝✐❛ ❞❡t❡r♠✐♥íst✐❝❛ ❡♥ ♣r♦❝❡s♦s q✉❡ s♦♥ ✐♥t❡❣r❛❞♦s✳
▼✐❡♥tr❛s q✉❡ ❡♥ ❍❛❧❞r✉♣ ✭✶✾✾✹✮ s❡ ❞❡r✐✈❛ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s ▼❈❖ ❡♥
r❡❣r❡s✐♦♥❡s q✉❡ ❝♦✐♥t❡❣r❛♥ ❝♦♥ ✈❛r✐❛❜❧❡s q✉❡ s✐❣✉❡♥ ♣r♦❝❡s♦s ✐♥t❡❣r❛❞♦s ❞❡ ♦r❞❡♥ ✉♥♦
② ❞♦s✳ ❆❞❡♠ás ❡♥ ❍❛ss❡❧❡r ✭✷✵✵✵✮ s♦♥ ❞❡r✐✈❛❞❛s ❧❛s ♣r♦♣✐❡❞❛❞❡s ❛s✐♥tót✐❝❛s ❞❡ ❧♦s
❡st✐♠❛❞♦r❡s ▼❈❖ ❡♥ r❡❣r❡s✐♦♥❡s ❝♦♥ ♣r♦❝❡s♦s q✉❡ s✐❣✉❡♥ t❡♥❞❡♥❝✐❛s ❧✐♥❡❛❧❡s✳ ❨ ❡♥
P❤✐❧❧✐♣s ✭✶✾✽✼✮ s❡ ♣r❡s❡♥t❛ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s t❛♥t♦ ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s ▼❈❖ ❝♦♠♦ ❞❡
❧♦s t❡st ❡st❛❞íst✐❝♦s ❡♥ r❡❣r❡s✐♦♥❡s ❝✉②❛s ✈❛r✐❛❜❧❡s s✐❣✉❡♥ ✉♥ ♣r♦❝❡s♦ ❛✉t♦✲r❡❣r❡s✐✈♦✳
P♦r ♦tr♦ ❧❛❞♦ ❑r❛♠❡r ② ▼❛r♠♦❧ ✭✷✵✵✷✮ s❡ ❞❡r✐✈❛♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❛s✐♥tót✐❝❛s ❞❡
❧♦s ❡st✐♠❛❞♦r❡s ▼❈❖ ② ♠í♥✐♠♦s ❝✉❛❞r❛❞♦s ❣❡♥❡r❛❧✐③❛❞♦s ✭●▲❙✱ ❡♥ ❛❞❡❧❛♥t❡✮ ❡♥ r❡✲
❣r❡s✐♦♥❡s ❧✐♥❡❛❧❡s ❞♦♥❞❡ ❧♦s ❡rr♦r❡s s✐❣✉❡♥ ✉♥ ♣r♦❝❡s♦ ❛✉t♦r❡❣r❡s✐✈♦ ✭❆❘✮ ❞❡ ♦r❞❡♥
♣✳
❊♥ ✉♥ ❝♦♥t❡①t♦ ♠✉❧t✐✈❛r✐❛❞♦✱ s❡ t✐❡♥❡ ❛ P❤✐❧❧✐♣s ② ❉✉r❧❛✉❢ ✭✶✾✽✻✮ s❡ ❞❡s❛rr♦❧❧❛ ❧❛
t❡♦rí❛ ❛s✐♥tót✐❝❛ ♣❛r❛ ✈❛r✐❛❜❧❡s ✐♥t❡❣r❛❞❛s ❞❡ ♦r❞❡♥ ✉♥♦ ❡♥ r❡❣r❡s✐♦♥❡s ♠✉❧t✐✈❛r✐❛❞❛s✱
✈❡❝t♦r❡s ❛✉t♦✲r❡❣r❡s✐✈♦s ② ♠♦❞❡❧♦s ❞❡ ❝♦rr❡❝❝✐ó♥ ❞❡❧ ❡rr♦r❀ ② ❜❛❥♦ ❞✐❢❡r❡♥t❡s t✐♣♦s
❞❡ ❡rr♦r❡s✱ ❡♥tr❡ ❡❧❧♦s✿ ❡rr♦r❡s ❝♦♥ ❞❡♣❡♥❞❡♥❝✐❛ ❞é❜✐❧ ② ❤❡t❡r♦❣❡♥❡✐❞❛❞✱ ❡♥ ❡❧ ♣r♦❝❡s♦
❣❡♥❡r❛❞♦r ❞❡ ❞❛t♦s ✭P●❉✱ ❡♥ ❛❞❡❧❛♥t❡✮✳ ▼✐❡♥tr❛s q✉❡ ❡♥ ❙t♦❝❦✱ ❙✐♠s ② ❲❛ts♦♥
✭✶✾✾✵✮ q✉❡ ❞❡s❛rr♦❧❧❛♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❛s✐♥tót✐❝❛s ② ❞❡ ❧❛s ♣r✉❡❜❛s ❞❡ ❤✐♣ót❡s✐s ❞❡
❧♦s ❡st✐♠❛❞♦r❡s ▼❈❖ ❝✉❛♥❞♦ ❛❧❣✉♥❛s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s s✐❣✉❡♥ ♣r♦❝❡s♦s ✐♥t❡❣r❛❞♦s ❞❡
❞✐❢❡r❡♥t❡ ♦r❞❡♥✳ P♦r ♦tr♦ ❧❛❞♦ ❡♥ P❛r❦ ② P❤✐❧❧✐♣s ✭✶✾✽✾✮ s❡ ❛♥❛❧✐③❛ ❧❛s ♣r♦♣✐❡❞❛❞❡s
❛s✐♥tót✐❝❛s ❞❡ ✈❛r✐❛❜❧❡s q✉❡ s✐❣✉❡♥ ♣r♦❝❡s♦s ✐♥t❡❣r❛❞♦s ❞❡ ♦r❞❡♥ ✉♥♦ ❡♥ r❡❣r❡s✐♦♥❡s
♠✉❧t✐✈❛r✐❛❞❛s ❛sí ❝♦♠♦ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ❧♦s ❡st❛❞íst✐❝♦s ❡♥ ❞✐✈❡rs❛s ♣r✉❡❜❛s ❞❡
❈❆P❮❚❯▲❖ ✶✳ ▲❆ P❘❊❙❊◆❚❊ ■◆❱❊❙❚■●❆❈■Ó◆ ✾
❤✐♣ót❡s✐s✳
❆sí t❛♠❜✐é♥✱ ✉♥ ár❡❛ ❞❡ ✐♥✈❡st✐❣❛❝✐ó♥ ✐♥trí♥s❡❝❛ ❛❧ ❞❡ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❛s✐♥tó✲
t✐❝❛s ❞❡ ❡st✐♠❛❞♦r❡s ▼❈❖ ❡♥ r❡❣r❡s✐♦♥❡s ❡s ❡❧ ❞❡ ❧❛ ❝❛✉s❛❧✐❞❛❞ ❡s♣✉r✐❛✱ ❡♥ ❡❧ ❝✉❛❧
t❛♠❜✐é♥ s❡ ❣❡♥❡r❛♥ ✈❛r✐♦s r❡s✉❧t❛❞♦s ❛s✐♥tót✐❝♦s ❞❡ ✐♥t❡rés✳ ❆sí s❡ t✐❡♥❡♥ ❧♦s tr❛❜❛✲
❥♦s ❞❡ ❍❛ss❧❡r ✭✶✾✾✻✮ ❞♦♥❞❡ ❞❡r✐✈❛ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❛s✐♥tót✐❝❛s ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s
▼❈❖ ❡♥ ✉♥❛ r❡❣r❡s✐ó♥ ❞♦♥❞❡ ❡❧ r❡❣r❡s♦r ❡s ✐♥t❡❣r❛❞♦ ❞❡ ♦r❞❡♥ ✉♥♦ ❡ ✐♥❞❡♣❡♥❞✐❡♥t❡
❞❡❧ r❡❣r❡s❛♥❞♦ q✉❡ s✐❣✉❡ ✉♥ ♣r♦❝❡s♦ ❡st❛❝✐♦♥❛r✐♦✱ ❛❞❡♠ás ❧♦❣r❛ ❡st❛❜❧❡❝❡r ❧❛ ❝❛✉s❛✲
❧✐❞❛❞ ❡s♣✉r✐❛ ❡♥tr❡ ❧❛s ✈❛r✐❛❜❧❡s✳ ❊♥t♦r❢ ✭✶✾✾✼✮ ❤❛❧❧❛ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❛s✐♥tót✐❝❛ ❞❡❧
❡st✐♠❛❞♦r ▼❈❖ ❡♥ ✉♥❛ r❡❣r❡s✐ó♥ ❞❡ ❞♦s ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s q✉❡ s✐❣✉❡♥ ♣r♦❝❡✲
s♦s ❞❡ ❝❛♠✐♥❛t❛ ❛❧❡❛t♦r✐❛ ❝♦♥ ❞❡r✐✈❛✳ ▼✐❡♥tr❛s q✉❡ ❡♥ ❙t❡✇❛rt ✭✷✵✵✻✮ s❡ ❤❛❧❧❛♥ ❧❛s
❞✐str✐❜✉❝✐♦♥❡s ❧í♠✐t❡ ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s ▼❈❖ ② ❞❡ ❧♦s t❡st ❡st❛❞íst✐❝♦s ❝♦♥✈❡♥❝✐♦✲
♥❛❧❡s ❡♥ r❡❣r❡s✐♦♥❡s ✉♥✐✈❛r✐❛❞❛s ❝♦♥ ✈❛r✐❛❜❧❡s ❡st❛❝✐♦♥❛r✐❛s ❡ ✐♥t❡❣r❛❞❛s✳ P♦r ♦tr♦
❧❛❞♦ ❡♥ ◆♦r✐❡❣❛ ② ❱❡♥t♦s❛✲❙❛♥t❛✉❧❛r✐❛ ✭✷✵✵✼✮ s❡ ❞❡s❝✉❜r❡ ❝❛✉s❛❧✐❞❛❞ ❡s♣✉r❡❛ ❡♥ ✉♥❛
r❡❣r❡s✐ó♥ ❝♦♥ ✈❛r✐❛❜❧❡s q✉❡ s✐❣✉❡♥ ♣r♦❝❡s♦s ❝♦♥ t❡♥❞❡♥❝✐❛ ❧✐♥❡❛❧ ② ❞❡s♣❧❛③❛♠✐❡♥t♦
❞❡ t❡♥❞❡♥❝✐❛✱ ❛sí ♠✐s♠♦ ❤❛❧❧❛ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❛s✐♥tót✐❝❛s ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s✳
❉❡ ♠♦❞♦ q✉❡ ❧❛ ❧✐t❡r❛t✉r❛ ❡s ❡①t❡♥s❛ ② ✈❛r✐❛❞❛ ❡♥ ❡❧ ár❡❛ ❡♥ ❝✉❡st✐ó♥✱ ❞❡❥❛♥❞♦
♠✉❝❤♦ ❡s♣❛❝✐♦ ♣❛r❛ ❞❡s❛rr♦❧❧♦s ♣♦st❡r✐♦r❡s✳
❈❛♣ít✉❧♦ ✷
❇❛s❡s t❡ór✐❝❛s ② ▼❛r❝♦ t❡ór✐❝♦
✷✳✶✳ ❋✉♥❞❛♠❡♥t♦s ❞❡ ❛♥❛❧✐s✐s r❡❛❧ ② ❢✉♥❝✐♦♥❛❧
❉❡✜♥✐❝✐ó♥ ✷✳✶✳✶✳ σ✲á❧❣❡❜r❛✳ ❯♥❛ ❝♦❧❡❝❝✐ó♥ ❞❡ s✉❜❝♦♥❥✉♥t♦s A ❞❡❧ ❝♦♥❥✉♥t♦ X s❡
❧❧❛♠❛ σ✲á❧❣❡❜r❛✶✱ s✐ ❝✉♠♣❧❡ ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s✿
1. X ∈ A
2. A ∈ A =⇒ Ac ∈ A
3. A,B ∈ A =⇒ A ∪ B ∈ A
4. (An : n ∈ N) ⊂ A =⇒
⋃
n∈N
An ∈ A
❉❡✜♥✐❝✐ó♥ ✷✳✶✳✷✳ ❊s♣❛❝✐♦ ♠❡❞✐❜❧❡✳ ❙❡❛ A ✉♥ σ − algebra ❞❡ ❧♦s s✉❜❝♦♥❥✉♥t♦s ❞❡❧
❝♦♥❥✉♥t♦ X ✳ ❊❧ ♣❛r
(
X ,A) ❡s ❧❧❛♠❛❞♦ ✉♥ ❡s♣❛❝✐♦ ♠❡❞✐❜❧❡✷✳
❉❡✜♥✐❝✐ó♥ ✷✳✶✳✸✳ ▼❡❞✐❞❛✳ ❙❡❛ A ✉♥ σ− algebra ❞❡ ❧♦s s✉❜❝♦♥❥✉♥t♦s ❞❡❧ ❝♦♥❥✉♥t♦
X ✳ ❯♥❛ ❢✉♥❝✐♦♥ ❞❡ ❝♦♥❥✉♥t♦s µ ❞❡✜♥✐❞❛ ❡♥ A s❡ ❧❧❛♠❛ ♠❡❞✐❞❛✸ s✐ s❛t✐s❢❛❝❡ ❧❛s
s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s✿
✶❯♥❛ ❝♦♠♣❧❡t❛ ❡①♣❧✐❝❛❝✐ó♥ ❞❡❧ ❝♦♥❝❡♣t♦ ❞❡ σ✲á❧❣❡❜r❛ ② s✉s ♣r♦♣✐❡❞❛❞❡s s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❨❡❤
✭✷✵✵✻✮✱ ❝❛♣✲✶✳
✷■❜✐❞✳
✸■❜✐❞✳
✶✵
❈❆P❮❚❯▲❖ ✷✳ ❇❆❙❊❙ ❚❊Ó❘■❈❆❙ ❨ ▼❆❘❈❖ ❚❊Ó❘■❈❖ ✶✶
1. µ
(
E
) ∈ [0 ,∞〉 para todo E ∈ A
2. µ
(
Ø
)
= 0
3.
(
En : n ∈ N
) ⊂ A, disjunto =⇒ µ(⋃
n∈N
En
)
=
∑
n∈N
µ
(
En
)
❉❡✜♥✐❝✐ó♥ ✷✳✶✳✹✳ ❊s♣❛❝✐♦ ♠❡❞✐❞♦✳ ❙✐ µ ❡s ✉♥❛ ♠❡❞✐❞❛ ❡♥ ✉♥ σ − algebra A ❞❡
✉♥ ❝♦♥❥✉♥t♦ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ❳✳ ❊❧ tr✐♣❧❡
(
X,A, µ) r❡❝✐❜❡ ❡❧ ♥♦♠❜r❡ ❞❡ ❡s♣❛❝✐♦
♠❡❞✐❞♦✹✳
❉❡✜♥✐❝✐ó♥ ✷✳✶✳✺✳ ❋✉♥❝✐ó♥ ▼❡❞✐❜❧❡✳ ❙❡❛♥ (X,A) ② (Y,B) ❞♦s ❡s♣❛❝✐♦s ♠❡❞✐❜❧❡s✱
✉♥❛ ❢✉♥❝✐ó♥ f : X −→ Y s❡ ❞✐❝❡ q✉❡ ❡s (A,B)−♠❡❞✐❜❧❡✺ s✐ f−1(B) ⊂ A ∀ B ∈ B
❉❡✜♥✐❝✐ó♥ ✷✳✶✳✻✳ ❊s♣❛❝✐♦ ▼étr✐❝♦✳ ❯♥ ❝♦♥❥✉♥t♦ ♥♦ ✈❛❝✐♦ X ❝♦♥ ✉♥❛ ❢✉♥❝✐ó♥ d :
X×X −→ R s❡ ❧❡ ❧❧❛♠❛ ❡s♣❛❝✐♦ ♠étr✐❝♦ s✐ ❧❛ ❢✉♥❝✐ó♥ t✐❡♥❡ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s✻
✶✳ d (x, y) ≥ 0 x, y ∈ X
✷✳ d (x, y) = si y solo si x = y
✸✳ d (x, y) = d (y, x) x, y ∈ X
✹✳ d (x, y) ≤ d (x, z) + d (z, y) x, y, z ∈ X
▲❛ ❢✉♥❝✐ó♥ d r❡❝✐❜❡ ❡❧ ♥♦♠❜r❡ ❞❡ ♠❡tr✐❝❛ ❡♥ X ♦ ❛❧❣✉♥❛s ✈❡❝❡s ❢✉♥❝✐ó♥ ❞❡ ❞✐st❛♥❝✐❛ ❡♥
X✳ ❉❡ ♠♦❞♦ q✉❡ ❝✉❛♥❞♦ s❡ t❡♥❣❛♥ ❡①♣r❡s✐♦♥❡s ❞❡❧ t✐♣♦ (X, d) ♥♦s ❡st❛♠♦s r❡✜r✐❡♥❞♦
❛ ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ❡♥ ❞♦♥❞❡ d ❡s ✉♥❛ ♠étr✐❝❛ ❞❡❧ ❝♦♥❥✉♥t♦ X✳
❉❡✜♥✐❝✐ó♥ ✷✳✶✳✼✳ ❊❧ ❡s♣❛❝✐♦ ♠étr✐❝♦ ❞❡ ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s✳ ❙❡❛ X ❡❧ ❝♦♥❥✉♥t♦ ❞❡
t♦❞❛s ❧❛s ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s ❞❡✜♥✐❞❛s ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ [a, b]✱ ✉♥ ✐♥✈❡r✈❛❧♦ ❡♥ R✱ ♣❛r❛
❝❛❞❛ f, g ∈ X ✱ s❡ ❞❡✜♥❡✿
d (f, g) = sup
x∈[a,b]
∣∣f (x)− g (x)∣∣
✹■❜✐❞✳
✺❱❡❛s❡ ❙❝❤✐❧❧✐♥❣ ✭✷✵✵✺✮✳
✻❙❤✐r❛❧✐ ✭✷✵✵✻✮ ♣✲✷✼✳
❈❆P❮❚❯▲❖ ✷✳ ❇❆❙❊❙ ❚❊Ó❘■❈❆❙ ❨ ▼❆❘❈❖ ❚❊Ó❘■❈❖ ✶✷
❙❡ ♣✉❡❞❡ ❞❡♠♦str❛r q✉❡ d ❡s ✉♥❛ ♠❡❞✐❞❛ ❡♥ X ② q✉❡ ❝✉♠♣❧❡ t♦❞❛s ❧❛s ♣r♦♣✐❡❞❛❞❡s
❡♥✉♠❡r❛❞❛s ❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ❛♥t❡r✐♦r ♣♦r ❧♦ q✉❡ ❧❛ ❡①♣r❡s✐ó♥ C [a, b] ❞❡♥♦t❛ ❛❧ ❡s♣❛❝✐♦
♠étr✐❝♦ ❞❡ t♦❞❛s ❧❛s ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s✼✳
❉❡✜♥✐❝✐ó♥ ✷✳✶✳✽✳ ❊❧ ❡s♣❛❝✐♦ ♠étr✐❝♦ D [0, 1]✳ ❙❡❛X ❡❧ ❡s♣❛❝✐♦ ❞❡ t♦❞❛s ❧❛s ❢✉♥❝✐♦♥❡s
❝♦♥t✐♥✉❛s ❞❡s❞❡ ❧❛ ❞❡r❡❝❤❛ ② ❝♦♥ ❧í♠✐t❡s ✐③q✉✐❡r❞♦s ❞❡✜♥✐❞❛s t❛❧ q✉❡ f : [0, 1] −→ R
❡♥ ❡❧ ✐♥t❡r✈❛❧♦ [0, 1]✱ ✉♥ ✐♥✈❡r✈❛❧♦ ❡♥ R✱ P❛r❛ ❝❛❞❛ x, y ∈ X s❡ ❞❡✜♥❡ ❧❛ ♠étr✐❝❛✽✿
d (x, y) := ı´nf
{
ε > 0 : ∃λ ∈ Λ | ‖λ‖ < ε y sup
t
|x(t)− y (λ (t)) ≤ ε|
}
❉♦♥❞❡✿ ‖λ‖ := sups 6=t |log λ ((t)− λ (s)) / (t− s)| ② Λ := [0, 1] −→ [0, 1] ② s✐❡♥❞♦
λ✉♥ ♠❛♣❡♦ ❡str✐❝t♦ ❝r❡❝✐❡♥t❡ ❝♦♥t✐♥✉♦ ❞❡ [0, 1] ❛ sí ♠✐s♠♦✳
❉❡✜♥✐❝✐ó♥ ✷✳✶✳✾✳ ❊s♣❛❝✐♦ Lp✳ ❙❡❛
(
X,M, µ) ✉♥ ❡s♣❛❝✐♦ ♠❡❞✐❞♦✳ ❙❡ ❞❡♥♦t❛ ♣♦r
Lp
(
X,A, µ) ♦ s✐♠♣❧❡♠❡♥t❡ Lp(µ) ❛❧ ❝♦♥❥✉♥t♦ ❞❡ ❢✉♥❝✐♦♥❡s ♠❡❞✐❜❧❡ ❞❡✜♥✐❞❛s ❡♥ X
t❛❧ q✉❡✾✿ ∫
X
|f |p dµ <∞
❉❡ ♠❛♥❡r❛ ❡q✉✐✈❛❧❡♥t❡✱ ♣❛r❛ p ∈ (0,∞)✱ s❡ ❞❡✜♥❡ ❧❛ p−♥♦r♠❛ ❝♦♠♦✿
‖f‖p =
(∫
X
|f |p dµ
)1/p
❊❧ ❡s♣❛❝✐♦ Lp ❡s ❧❛ ❝♦❧❡❝✐ó♥ ❞❡ t♦❞❛s ❧❛s ❢✉♥❝✐♦♥❡s ♠❡❞✐❜❧❡s f ❡♥ X ❝♦♥ ‖f‖p <
∞✶✵✳
✼■❜✐❞✱ ♣✲✸✷
✽❱é❛s❡ ▼✐s❤✉r❛ ✭✷✵✵✽✮✱ ♣✲✽✵✳
✾❇r✉❝❦♥❡r ② ❚❤♦♠s♦♥ ✭✶✾✾✼✮✳
✶✵❨❡❤ ✭✷✵✵✻✮✳
❈❆P❮❚❯▲❖ ✷✳ ❇❆❙❊❙ ❚❊Ó❘■❈❆❙ ❨ ▼❆❘❈❖ ❚❊Ó❘■❈❖ ✶✸
✷✳✷✳ ❋✉♥❞❛♠❡♥t♦s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ ❡ ✐♥❢❡r❡♥❝✐❛
✷✳✷✳✶✳ ❈♦♥❝❡♣t♦s ❜ás✐❝♦s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✶✳ ❊❧❡♠❡♥t♦ ❛❧❡❛t♦r✐♦✳ ❙❡❛ (Ω,F) ✉♥ ❡s♣❛❝✐♦ ♠❡❞✐❜❧❡ ② (S,s) ✉♥
❡s♣❛❝✐♦ ♠étr✐❝♦ ♠❡❞✐❜❧❡✱ ✉♥❛ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡ X ❡s ✉♥ ❡❧❡♠❡♥t♦ ❛❧❡❛t♦r✐♦✶✶ s✐✿
X : (Ω,F) −→ (S,s)
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✷✳ ❋✉♥❝✐ó♥ ❛❧❡❛t♦r✐❛✳ ❙❡❛ (Ω,F) ✉♥ ❡s♣❛❝✐♦ ♠❡❞✐❜❧❡ ② C [a, b] ❡❧
❡s♣❛❝✐♦ ♠étr✐❝♦ ❞❡ ❢✉♥❝✐♦♥❡s r❡❛❧❡s ② ❝♦♥t✐♥✉❛s ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ [a, b] , ❡♥t♦♥❝❡s ❧❛
❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡ X ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❛❧❡❛t♦r✐❛✶✷ s✐✿
X : (Ω,F) −→ C [a, b]
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✸✳ ❊s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞✳ ❙❡❛ Ω ❡❧ ❡s♣❛❝✐♦ ♠✉❡str❛❧ ❝♦♥ ✉♥
σ−❛❧❣❡❜r❛ S ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ Ω✳ ❨ s❡❛ P ✉♥❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ ❡♥ ❙
❝♦♥ P
(
Ω
)
= 1. ❊♥t♦♥❝❡s ❡❧ tr✐♣❧❡
(
Ω,F , P) r❡❝✐❜❡ ❡❧ ♥♦♠❜r❡ ❞❡ ❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐✲
❧✐❞❛❞✶✸✳
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✹✳ ❱❛r✐❛❜❧❡ ❆❧❡❛t♦r✐❛✳ ❙❡❛
(
Ω,F , P) ✉♥ ❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞✳
❯♥❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛✶✹ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡ X : (Ω,F)→ (R,B)✶✺✳ ❨ s❡ ❞❡♥♦t❛
❝♦♠♦✿
X : Ω −→ R
❊st♦ s✐❣♥✐✜❝❛ q✉❡ ✉♥❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛ ❛s✐❣♥❛ ❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡❧ ❡s♣❛❝✐♦ ♠✉❡s✲
tr❛❧ ✉♥ ✈❛❧♦r ❞❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❧♦s ♥ú♠❡r♦s r❡❛❧❡s✳
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✺✳ ❱❡❝t♦r ❆❧❡❛t♦r✐♦✳ ❙❡❛
(
Ω,F , P) ✉♥ ❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞✱ ✉♥
✶✶❱é❛s❡ ●✉t ✭✷✵✶✸✮ ♣✲✹✺✳
✶✷❱❡r ❇✐❧❧✐♥s❧❡② ✭✶✾✻✽✮ ♣✲✷✷✳
✶✸❱❡r ❉✉❞❧❡② ✭✷✵✵✷✮ ♣❛r❛ ♠❛②♦r❡s ❞❡t❛❧❧❡s
✶✹▼❛②♦r❡s ❞❡t❛❧❧❡s ❡♥ ❇♦r♦✈❦♦✈ ✭✷✵✶✸✮✱ ❝❛♣✲✸
✶✺❉♦♥❞❡ B ❡s ❡❧ σ✲á❧❣❡❜r❛ ❞❡ t♦❞♦s ❧♦s ❝♦♥❥✉♥t♦s ❞❡ ❇♦r❡❧✳
❈❆P❮❚❯▲❖ ✷✳ ❇❆❙❊❙ ❚❊Ó❘■❈❆❙ ❨ ▼❆❘❈❖ ❚❊Ó❘■❈❖ ✶✹
✈❡❝t♦r ❛❧❡❛t♦r✐♦✶✻ ♥✲❞✐♠❡♥s✐♦♥❛❧ X ❡s ✉♥❛ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡ ❞❡s❞❡ ❡❧ ❡s♣❛❝✐♦ ♠✉❡str❛❧
Ω ❤❛❝✐❛ Rn✱ ❡st♦ ❡s✿
X = Ω −→ Rn
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✻✳ ❋✉♥❝✐ó♥ ❞❡ ❞✐str✐❜✉❝✐ó♥✳ P❛r❛ ✉♥❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛ X ❡♥ ✉♥
❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞
(
Ω,F , P)✱ s❡ ❞❡✜♥❡ Fx(X) ❝♦♠♦ ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ q✉❡ x
♥♦ ❡①❝❡❞❛ X✱ ❡st♦ ❡s✿
Fx
(
X
)
= P
({
ω : x (ω) ≤ X}) X ∈ R
▲❛ ❢✉♥❝✐♦♥ Fx
(
X
)
s❡ ❧❧❛♠❛ ❢✉♥❝✐♦♥ ❞❡ ❞✐str✐❜✉❝✐♦♥✶✼ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛ X✳
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✼✳ ❙✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s✳ ❊❧ ❝♦♥❥✉♥t♦ ♦r❞❡♥❛❞♦r ❞❡ ✈❛r✐❛✲
❜❧❡s ❛❧❡❛t♦r✐❛s X1, X2, . . . Xn s❡ ❧❧❛♠❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ② s❡ ❞❡♥♦t❛
❝♦♠♦ {Xn}✳
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✽✳ ❙✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ■✳■✳❉✳ ❙❡❛{Xn} =
{
X1, X2, . . . Xn
}
✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s✱ s❡ ❞✐❝❡ q✉❡ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s
❡s ✐♥❞❡♣❡♥❞✐❡♥t❡✶✽ s✐✿
FX1X2···Xn(X1X2 · · ·Xn) = Fx1(X1)× Fx2(X2)× . . .× Fxn(Xn)
❨ ❡s ✐❞❡♥t✐❝❛♠❡♥t❡ ❞✐str✐❜✉✐❞❛ s✐✿
Fx1(X1) = Fx2(X2) = . . . = Fxn(Xn)
❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ❡♥ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ■✳■✳❉ t♦❞❛s ❧❛s ✈❛r✐❛❜❧❡s
❛❧❡❛t♦r✐❛s s♦♥ ✐♥❞❡♣❡♥❞✐❡♥t❡s ✉♥❛s ❞❡ ♦tr❛s ② t✐❡♥❡♥ ❧❛ ♠✐s♠❛ ❢✉♥❝✐ó♥ ❞❡ ❞✐str✐❜✉✲
❝✐ó♥✶✾ ❞❡ ♠♦❞♦ q✉❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❞✐str✐❜✉❝✐ó♥ ❞❡ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s
✶✻▼❛②♦r❡s ❞❡t❛❧❧❡s ❡♥ ❘♦✉ss❛s ✭✷✵✶✹✮✱ ♣❛❣✲✽✳
✶✼▼❛②♦r❡s ❞❡t❛❧❧❡s ❡♥ ❇❛s✉ ✭✷✵✶✷✮✱ ♣✲✷✺✳
✶✽❱é❛s❡ ❆t❤r❡②❛ ② ▲❛❤✐r✐ ✭✷✵✵✻✮✱ ♣✲✷✵✽✳
✶✾❉❡ ❧♦ ❛♥t❡r✐♦r s❡ ❞❡❞✉❝❡ q✉❡ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s {Xn} ❡s ❤❡t❡r♦❣❡♥❡❛ s✐ ❧❛s
❈❆P❮❚❯▲❖ ✷✳ ❇❆❙❊❙ ❚❊Ó❘■❈❆❙ ❨ ▼❆❘❈❖ ❚❊Ó❘■❈❖ ✶✺
■✳■✳❉ s❡ ♣✉❡❞❡ ❡①♣r❡s❛r ❝♦♠♦✿
FX1X2···Xn(X1X2 · · ·Xn) =
n∏
i=1
Fxi(Xi) =
n∏
i=1
Fx1(X1)
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✾✳ ❊①♣❡❝t❛t✐✈❛ ❞❡ ✉♥❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛✳ ❙❡❛
(
Ω,F , P) ✉♥ ❡s♣❛❝✐♦
❞❡ ♣r♦❜❛❜✐❧✐❞❛❞✱ ❧❛ ❡①♣❡❝t❛t✐✈❛ ❞❡ ✉♥❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛✷✵ ❡s ❧❛ ✐♥t❡❣r❛❧ ❞❡ ❳ ❝♦♥
r❡s♣❡❝t♦ ❛ ❧❛ ♠❡❞✐❞❛ P ✱ ❡s ❞❡❝✐r✿
E
[
X
]
=
∫
XdP =
∫
Ω
X (ω)P (dω)
Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✶✳ ❯♥❛ ✈❛r✐❛❜❧❡ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛ X ❡s ✐♥t❡❣r❛❜❧❡ s✐ ② s♦❧♦ s✐
E
[∣∣X∣∣] <∞✷✶✳
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✶✵✳ ▼♦♠❡♥t♦ ② ♠♦♠❡♥t♦ ❆❜s♦❧✉t♦✳ ❙❡❛
(
Ω,F , P) ✉♥ ❡s♣❛❝✐♦ ❞❡
♣r♦❜❛❜✐❧✐❞❛❞✱ ❡❧ k−esimo ♠♦♠❡♥t♦ ❛❜s♦❧✉t♦✷✷ ❞❡ ✉♥❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛ X s❡ ❞❡✜♥❡
❝♦♠♦✿
E
[∣∣X∣∣k] = ∞∫
−∞
∣∣X∣∣kdF (x)
❨ ❡❧ k − esimo ♠♦♠❡♥t♦ ❞❡ ✉♥❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛ X s❡ ❞❡✜♥❡ ❝♦♠♦✿
E
[
Xk
]
=
∞∫
−∞
XkdF (x)
Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✷✳ ❘❡❧❛❝✐ó♥ ❞❡ ❡♥tr❡ ❡❧ ♠♦♠❡♥t♦ ② ♠♦♠❡♥t♦ ❛❜s♦❧✉t♦ ❞❡ ✉♥❛
✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s q✉❡ ❧❛ ❝♦♥❢♦r♠❛♥ s✐❣✉❡♥ ❞✐st✐♥t❛s ❞✐str✐❜✉❝✐♦♥❡s✳
✷✵❱❡r ❇✐❧❧✐♥s❧❡② ✭✶✾✾✺✮✱ ♣✲✷✼✸✳
✷✶■❜✐❞✳
✷✷■❜✐❞✱ ♣✲✷✼✹✳
❈❆P❮❚❯▲❖ ✷✳ ❇❆❙❊❙ ❚❊Ó❘■❈❆❙ ❨ ▼❆❘❈❖ ❚❊Ó❘■❈❖ ✶✻
✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛✳ ❙❡❛ X ✉♥❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡ ❧♦ s✐❣✉✐❡♥t❡✷✸✿
(i) E
[∣∣X∣∣] <∞⇐⇒ E[X] existe y es finita
(ii) E
[∣∣X∣∣s] <∞ =⇒ E[∣∣X∣∣r] <∞ para 0 < r ≤ s
(iii) E
[∣∣X∣∣s] <∞ =⇒ E[Xk] existe y es finita , 0 < k ≤ s
Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✸✳ ❉❡s✐❣✉❛❧❞❛❞ ❞❡ ❏❡♥s❡♥✳ ❙❡❛ X ✉♥❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛✱ g ✉♥❛
❢✉♥❝✐ó♥ ❝♦♥✈❡①❛ ② q✉❡ X ② g (X) s♦♥ ✐♥t❡❣r❛❜❧❡s✱ ❡♥t♦♥❝❡s✷✹✿
g (EX) ≤ Eg (X)
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✶✶✳ ❊s♣❛❝✐♦ Lp ♣❛r❛ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s✷✺✳ ❙❡❛
(
Ω,F , P) ✉♥ ❡s♣❛❝✐♦
❞❡ ♣r♦❜❛❜✐❧✐❞❛❞✱ ❡❧ ❡s♣❛❝✐♦ Lp (P ) ❡s ❧❛ ❝♦❧❡❝❝✐ó♥ ❞❡ t♦❞❛s ❧❛s ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s
X : Ω −→ R q✉❡ s♦♥ ✐♥t❡❣r❛❜❧❡s ❞❡ ♦r❞❡♥ P ✱ ❡st♦ ❡s q✉❡✿ E[∣∣X∣∣P ] <∞✳ ❉❡ ♠❛♥❡r❛
❡q✉✐✈❛❧❡♥t❡✱ ♣❛r❛ p ∈ (0,∞)✱ s❡ ❞❡✜♥❡✿
‖X‖p :=
[{
E |X|p
}]1/p
❯♥❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛ X ❡s P ✐♥t❡❣r❛❜❧❡ s✐ ② s♦❧♦ s✐ ‖X‖p <∞✳
Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✹✳ ❉❡s✐❣✉❛❧❞❛❞ ❞❡ ❍♦❧❞❡r✳ ❙❡❛ p−1 + q−1 = 1✳ ❙✐ E |X|p < ∞ ②
E |Y |p <∞✱ ❡♥t♦♥❝❡s✷✻✿
∣∣E [XY ]∣∣ ≤ E[∣∣XY ∣∣] ≤ ‖X‖p × ‖Y ‖q ✭✷✳✷✳✶✮
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✶✷✳ ❙✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ❛❝♦t❛❞❛s ❡♥ Lp (P )✳ ❯♥❛ s✉❝❡✲
✷✸❊st❛s ② ♦tr❛s ♣r♦♣✐❡❞❛❞❡s s❡ ❡♥❝✉❡♥tr❛♥ ❡♥ ▲♦❡✈❡✭✶✾✼✽✮✱ ♣✲✶✺✼✳
✷✹❱é❛s❡ ●✉t ✭✷✵✶✸✮ ♣✲✶✸✷✳
✷✺❱é❛s❡ ❑❤♦s❤♥❡✈✐s❛♥ ✭✷✵✵✼✮ ♣❛❣✲✸✾✳
✷✻❱é❛s❡ ●✉t ✭✷✵✶✸✮ ♣✲✶✷✾ ♣❛r❛ ✉♥❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ r❡s✉❧t❛❞♦✳
❈❆P❮❚❯▲❖ ✷✳ ❇❆❙❊❙ ❚❊Ó❘■❈❆❙ ❨ ▼❆❘❈❖ ❚❊Ó❘■❈❖ ✶✼
s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s {Xn} ❡s ❛❝♦t❛❞❛ ❡♥ Lp (P )✷✼ s✐✿
sup
t
E
∣∣Xt∣∣p <∞
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✶✸✳ ❆❝♦t❛♠✐❡♥t♦ ❡st♦❝ást✐❝♦✳ ❯♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s
{Xn} ❡s ❛❝♦t❛❞❛ ❡st♦❝ást✐❝❛♠❡♥t❡✷✽ s✐✱ ♣❛r❛ ❝❛❞❛ ε ∈ (0, 1)✱ ❡①✐st❡ ✉♥ M > 0 ✜♥✐t♦
t❛❧ q✉❡✿
ı´nf
n≥1
P
[
‖Xn‖ ≤M
]
> 1− ε
❊❧ ❛❝♦t❛♠✐❡♥t♦ ❡st♦❝ást✐❝♦ s❡ ❞❡♥♦t❛ ♣♦r Op (1)✱ ❞❡ ♠♦❞♦ q✉❡ Xn = Op (1)
s✐❣♥✐✜❝❛ q✉❡ ❧❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s {Xn} ❡s ❛❝♦t❛❞❛ ❡st♦❝ást✐❝❛♠❡♥t❡✳
Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✺✳ ❙✐ supnE
∣∣Xn∣∣p <∞✱ ❡♥t♦♥❝❡s Xn = Op (1)✳ ❊st♦ ❡s✱ s✐ {Xn}
❡s ❛❝♦t❛❞❛ ❡♥ Lp (P ) ❡♥t♦♥❝❡s ❡s ❛❝♦t❛❞❛ ❡st♦❝ást✐❝❛♠❡♥t❡✷✾✳
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✶✹✳ ❙✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ✉♥✐❢♦r♠❡♥❡♥t❡ ✐♥t❡❣r❛❜❧❡✳ ❯♥❛
s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ❡s ✉♥✐❢♦r♠❡♥❡t❡ ✐♥t❡❣r❛❜❧❡✸✵ s✐✿
l´ım
α−→∞
sup
n
∫
(|Xn|≥α)
∣∣Xn∣∣dP = 0
Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✻✳ ❙✐ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s {Xn} ❡s ❛❝♦t❛❞❛ ❡♥
Lp (P )✱ ❡♥t♦♥❝❡s {Xn} ❡s ✉♥✐❢♦r♠❡♥t❡ ✐♥t❡❣r❛❜❧❡✸✶✳
✷✳✷✳✷✳ ❚❡♦rí❛ ❛s✐♥tót✐❝❛
❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛ t❡♦rí❛ ❛s✐♥tót✐❝❛ ♣❛r❛ s✉❝❡✲
s✐♦♥❡s ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s q✉❡ s❡rá♥ ❞❡ ✉t✐❧✐❞❛❞ ♣❛r❛ ❞❡r✐✈❛r r❡s✉❧t❛❞♦s ❛♥á❧✐t✐❝♦s
♣♦st❡r✐♦r❡s✳
✷✼❱é❛s❡ ❈✐♥❧❛r ✭✷✵✶✶✮ ♣❛❣✲✶✽✾✳
✷✽❱é❛s❡ ❇✐❡r❡♥s ✭✷✵✵✹✮ ♣✲✶✺✼
✷✾❱é❛s❡ ❇✐❡r❡♥s ✭✶✾✾✹✮ ♣✲✸✾
✸✵❱❡r ❇✐❧❧✐♥❣s❧❡② ✭✶✾✾✺✮ ♣✲✸✸✽✳
✸✶P❛r❛ ✉♥❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✈é❛s❡ ●✉t ✭✷✵✶✸✮ ♣❛❣✲✷✶✹✳
❈❆P❮❚❯▲❖ ✷✳ ❇❆❙❊❙ ❚❊Ó❘■❈❆❙ ❨ ▼❆❘❈❖ ❚❊Ó❘■❈❖ ✶✽
✷✳✷✳✷✳✶✳ ❚❡♦r❡♠❛s ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛ ♣❛r❛ s✉❝❡s✐♦♥❡s ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦✲
r✐❛s
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✶✺✳ ❈♦♥✈❡r❣❡♥❝✐❛ ❝❛s✐ s❡❣✉r❛✳ ❙❡❛ {Xn} ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s
❛❧❡❛t♦r✐❛s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞
(
Ω, X, P
)
✳ ▲❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s
{Xn} ❝♦♥✈❡r❣❡ ❞❡ ❢♦r♠❛ ❝❛s✐ s❡❣✉r❛✸✷ ♦ ❝♦♥ ♣r♦❜❛❜✐❧✐❞❛❞ ✶ ❛ ✉♥❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛
X✱ s✐ ② s♦❧♦ s✐✿
Pr
({
ω : Xn (ω) −→ X (ω)
}
cuando n→∞) ✭✷✳✷✳✷✮
❨ s❡ ❞❡♥♦t❛ ❝♦♠♦✿ Xn
a.s−−−→ X✳
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✶✻✳ ❈♦♥✈❡r❣❡♥❝✐❛ ❡♥ ♣r♦❜❛❜✐❧✐❞❛❞✳ ❙❡❛ {Xn} ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❛✲
r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞
(
Ω, X, P
)
✳ ▲❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s
❛❧❡❛t♦r✐❛s{Xn} ❝♦♥✈❡r❣❡ ❡♥ ♣r♦❜❛❜✐❧✐❞❛❞✸✸ ❛ ❧❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛ X ✱ s✐ ② s♦❧♦ s✐ ♣❛r❛
❝❛❞❛ ǫ > 0✿
l´ım
n−→∞
Pr
(∣∣Xn −X∣∣ > ǫ) = 0 ✭✷✳✷✳✸✮
❨ s❡ ❞❡♥♦t❛ ❝♦♠♦✿ Xn
P−−→ X ② ❛❧t❡r♥❛t✐✈❛♠❡♥t❡ ❝♦♠♦ plimXn = X✳
Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✼✳ ❙❡❛ {an} ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ♥ú♠❡r♦s r❡❛❧❡s✸✹ t❛❧ q✉❡ l´ım
n−→∞
an = c✱
❡♥t♦♥❝❡s s❡ ♣✉❡❞❡ ♣r♦❜❛r q✉❡✸✺ pliman = c✳
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✶✼✳ ❈♦♥✈❡r❣❡♥❝✐❛ ❡♥ ❞✐str✐❜✉❝✐ó♥✳ ❙❡❛ {Xn} ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛✲
❜❧❡s ❛❧❡❛t♦r✐❛s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞
(
Ω,F , P)✳ ❯♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s
❛❧❡❛t♦r✐❛s {Xn} ❝♦♥ ❢✉♥❝✐♦♥❡s ❞❡ ❞✐str✐❜✉❝✐ó♥ ❞❡♥♦t❛❞❛s ♣♦r
{
Fn
(
X
)}
s❡ ❞✐❝❡ q✉❡
❝♦♥✈❡r❣❡♥ ❡♥ ❞✐str✐❜✉❝✐ó♥✸✻ ❛ ✉♥❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛ X ❝♦♥ ❢✉♥❝✐ó♥ ❞❡ ❞✐str✐❜✉❝✐ó♥
F
(
X
)
s✐ ② s♦❧♦ s✐✿
l´ım
n−→∞
Fn
(
X
)
= F
(
X
)
✭✷✳✷✳✹✮
❨ s❡ ❞❡♥♦t❛ ❝♦♠♦✿ Xn
d−−→ X✳
✸✷❱é❛s❡ ❇❤❛tt❛❝❤❛r②❛ ✭✷✵✵✼✮✱ ♣❛❣✲✼✳
✸✸▼❛②♦r❡s ❞❡t❛❧❧❡s ❡♥ ❇✐❧❧✐♥s❧❡② ✭✶✾✾✺✮✱ ♣✲✼✵✳
✸✹{an} ♣✉❡❞❡ ✈❡rs❡ ❝♦♠♦ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ❞❡❣❡♥❡r❛❞❛s✳
✸✺❱é❛s❡ P♦❧❛♥s❦② ✭✷✵✶✶✮ ♣✲✶✵✻ ♣❛r❛ ♠❛②♦r❡s ❞❡t❛❧❧❡s✳
✸✻❱❡r ❙❤✐r②❛❡✈ ✭✶✾✾✻✮✱ ♣✲✷✺✸✳
❈❆P❮❚❯▲❖ ✷✳ ❇❆❙❊❙ ❚❊Ó❘■❈❆❙ ❨ ▼❆❘❈❖ ❚❊Ó❘■❈❖ ✶✾
▲❛ ♥♦t❛❝✐ó♥ Xn
d−−→ X s✐❣♥✐✜❝❛ q✉❡ ♣❛r❛ ✈❛❧♦r❡s ❧❛r❣♦s ❞❡ n s❡ ♣✉❡❞❡ ❛♣r♦①✐♠❛r
❧❛ ❢✉♥❝✐ó♥ ❞❡ ❞✐str✐❜✉❝✐ó♥ ❞❡ Xn ❝♦♥ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❞✐str✐❜✉❝✐ó♥ ❞❡ X✳ ▲❛ ❞✐str✐❜✉❝✐ó♥
❞❡ ❞❡ X ❡s ❧❛ ❞✐str✐❜✉❝✐ó♥ ❧í♠✐t❡ ♦ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❛s✐♥tót✐❝❛✳
Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✽✳ ❘❡❧❛❝✐ó♥ ❡♥tr❡ ❧♦s ♠♦❞♦s ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛✳ ❙❡❛ {Xn}✉♥❛ s✉✲
❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞
(
Ω,F , P) ② s❡❛ X ✉♥❛
✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛ ❞❡✜♥✐❞❛ ❡♥ ❡❧ ♠✐s♠♦ ❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡
❧♦ s✐❣✉✐❡♥t❡✸✼✿
(i)Xn
a.s−−−−−→ X =⇒ Xn p−−−−→ X ✭✷✳✷✳✺✮
(ii)Xn
p−−−−→ X =⇒ Xn d−−−−→ X ✭✷✳✷✳✻✮
Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✾✳ ❚❡♦r❡♠❛ ❞❡ ❙❧✉ts❦②✳✸✽ ❙❡❛ {Xn} ② {Yn} ❞♦s s✉❝❡s✐♦♥❡s ❞❡
✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s q✉❡ s❡ ❞❡✜♥❡♥ ❡♥ ✉♥ ❞❡t❡r♠✐♥❛❞♦ ❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞✳ ❙✐
Xn
d−−→ X ② Yn P−−→ c ✱ ♣❛r❛ ✉♥❛ ❝♦♥st❛♥t❡ c ∈ R ✱ ❡♥t♦♥❝❡s✿
(i)Xn + Yn
d−−−−→ X + a ✭✷✳✷✳✼✮
(ii)XnYn
d−−−−→ aX ✭✷✳✷✳✽✮
(iii)Xn/Yn
d−−−−→ X/a, con a 6= 0 ✭✷✳✷✳✾✮
Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✶✵✳ ❚❡♦r❡♠❛ ❞❡ ♠❛♣❡♦ ❝♦♥t✐♥✉♦✳ ❙❡❛ {Xn} ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❛✲
r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞
(
Ω,F , P)✱ t❛❧ q✉❡ Xn d−−→ X ✳ ❨ s❡❛
g (.) ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛✱ ❡♥t♦♥❝❡s✸✾✿
g
(
Xn
) d−−−−→ g(X) cuando n→∞ ✭✷✳✷✳✶✵✮
✸✼▲❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❧♦s r❡s✉❧t❛❞♦s s❡ ❡♥❝✉❡♥tr❛ ❡♥ ●✉t ✭✷✵✶✸✮ ♣✲✷✵✾
✸✽❯♥❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ t❡♦r❡♠❛ s❡ ♣✉❡❞❡ ❡♥❝♦♥tr❛r ❡♥ ❙❤❛♦ ✭✷✵✵✸✮✱ ♣✲✻✵✳
✸✾❯♥❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ t❡♦r❡♠❛ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ●✉t ✭✷✵✶✸✮✱ ♣✲✷✹✺✳
❈❆P❮❚❯▲❖ ✷✳ ❇❆❙❊❙ ❚❊Ó❘■❈❆❙ ❨ ▼❆❘❈❖ ❚❊Ó❘■❈❖ ✷✵
✷✳✷✳✸✳ ❚❡♦r❡♠❛ ❈❡♥tr❛❧ ❞❡❧ ▲í♠✐t❡ ② ▲❡② ❋✉❡rt❡ ❞❡ ❧♦s ●r❛♥✲
❞❡s ◆ú♠❡r♦s
✷✳✷✳✸✳✶✳ ❚❡♦r❡♠❛ ❞❡❧ ▲í♠✐t❡ ❈❡♥tr❛❧
❊❧ t❡♦r❡♠❛ ❝❡♥tr❛❧ ❞❡❧ ❧í♠✐t❡ ✭❈▲❚✮ ❡s ✉♥ r❡s✉❧t❛❞♦ ❛♥❛❧ít✐❝♦ ❞❡ ❧❛ ❡st❛❞íst✐❝❛✱
q✉❡ s❡❣ú♥ ❞❡t❡r♠✐♥❛❞❛s ❝♦♥❞✐❝✐♦♥❡s ❧❛ s✉♠❛ ❞❡ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s
✈❛ ❛ ❝♦♥✈❡r❣❡r ❡♥ ❞✐str✐❜✉❝✐ó♥ ❛ ♦tr❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛✳ ❉❡♥tr♦ ❞❡ ❧❛ t❡♦rí❛ ❞❡
♣r♦❜❛❜✐❧✐❞❛❞ ♥♦ ❡①✐st❡ ✉♥ ú♥✐❝♦ ❈▲❚ s✐♥♦ ✈❛r✐♦s ❞❡ ❡❧❧♦s✱ ② ❝❛❞❛ ✉♥♦ ❝♦rr❡s♣♦♥❞❡ ❛
❧❛s ♣r♦♣✐❡❞❛❞❡s ♣❛rt✐❝✉❛❧❡s ♣r❡s❡♥t❡s ❞❡♥tr♦ ❞❡ ❝❛❞❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s✳
❆ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦ s❡ ♣♦♥❡ ❡❧ s✐❣✉✐❡♥t❡ ❈▲❚✿
Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✶✶✳ ❈▲❚ ♣❛r❛ s✉❝❡s✐♦♥❡s ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ■✳■✳❉✹✵✳ ❙❡❛ {Xn}
✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ✐♥❞❡♣❡♥❞✐❡♥t❡s ❡ ✐❞❡♥t✐❝❛♠❡♥t❡ ❞✐str✐❜✉✐❞❛s ❝♦♥
❡①♣❡❝t❛t✐✈❛ E
[
X1
]
= µ ② ✈❛r✐❛♥③❛ V ar
[
X1
]
= σ2✳ ❨ s❡❛ Sn = X1 + X2 + · · · +
Xn , n ≥ 1 ✳ ❊♥t♦♥❝❡s✿
Sn − nµ
σ
√
n
d−−−−→ N(0, 1) ✭✷✳✷✳✶✶✮
✷✳✷✳✸✳✷✳ ❚❡♦r❡♠❛ ❞❡❧ ▲í♠✐t❡ ❈❡♥tr❛❧ ❋✉♥❝✐♦♥❛❧
❊❧ ❚❡♦r❡♠❛ ❞❡❧ ▲í♠✐t❡ ❈❡♥tr❛❧ ❋✉♥❝✐♦♥❛❧ ✭❋❈▲❚✮ ❡s ✉♥♦ ❞❡ ✈❛r✐♦s ♣r✐♥❝✐✲
♣✐♦s ❞❡ ✐♥✈❛r✐❛♥③❛✹✶ ❞❡s❛rr♦❧❧❛❞♦s ❡♥ ❧❛ t❡♦rí❛ ❞❡ ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞✳ ❆ ❞✐❢❡r❡♥❝✐❛ ❞❡❧
❈▲❚ tr❛❞✐❝✐♦♥❛❧ q✉❡ s❡ ❡♥❢♦❝❛ ❡♥ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❧í♠✐t❡ ❞❡ ✉♥❛ ✉♥✐❝❛ s✉♠❛ Sn ❞❡
✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s✱ ❡❧ ❚❡♦r❡♠❛ ❞❡❧ ▲í♠✐t❡ ❈❡♥tr❛❧ ❋✉♥❝✐♦♥❛❧ s❡ ❡♥❢♦❝❛ ❡♥ ❧❛s ♣r♦✲
♣✐❡❞❛❞❡s ❧í♠✐t❡ ❞❡ s✉❝❡s✐♦♥❡s ❞❡ ❢✉♥❝✐♦♥❡s ❛❧❡❛t♦r✐❛s s♦❜r❡ ❡s♣❛❝✐♦s ♠étr✐❝♦s✱ ♦ s❡❛
h(S1, S2, . . . , Sn) ❞♦♥❞❡ Sn ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❛❧❡❛t♦r✐❛ ∀n ✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ❡❧ ❋❈▲❚
❡s ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡❧ ❈▲❚ tr❛❞✐❝✐♦♥❛❧ ② ❞❡ ❧❛ ♠✐s♠❛ ♠❛♥❡r❛ q✉❡ ❡❧ ❈▲❚ tr❛✲
❞✐❝✐♦♥❛❧✱ ♥♦ ❡①✐st❡ ✉♥ ú♥✐❝♦ ❋❈▲❚ s✐♥♦ ✈❛r✐♦s✱ ❝❛❞❛ ✉♥♦ ✈❛ ❛ ❞❡♣❡♥❞❡r ❞❡❧ t✐♣♦ ❞❡
✹✵❯♥❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ t❡♦r❡♠❛ s❡ ❤❛❧❧❛ ❡♥ ●✉t ✭✷✵✶✸✮✱ ♣✲✸✸✵✳
✹✶❯♥ ♣r✐♥❝✐♣✐♦ ❞❡ ✐♥✈❛r✐❛♥③❛✱ ❡♥ ✉♥ ❝♦♥t❡①t♦ ❞❡ ♣r♦❜❧❡♠❛ ❞❡ ❧í♠✐t❡ ♣r♦❜❛❜✐❧✐st✐❝♦✱ s❡ ♠❛♥t✐❡♥❡
s✐ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❧í♠✐t❡ ❡①✐st❡ ② ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ♣❛rt✐❝✉❧❛r❡s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s
❛❧❡❛t♦r✐❛s ❡♥✈✉❡❧t❛s✱ ✈❡r ❋✐s❝❤❡r ✭✷✵✶✶✮✱ ♣ ✲✸✸✽✳
❈❆P❮❚❯▲❖ ✷✳ ❇❆❙❊❙ ❚❊Ó❘■❈❆❙ ❨ ▼❆❘❈❖ ❚❊Ó❘■❈❖ ✷✶
♣r♦❝❡s♦ ② s✉s ♣r♦♣✐❡❞❛❞❡s ♣r♦❜❛❜✐❧íst✐❝❛s✳ ❆ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦ s❡ ♣♦♥❡ ❡❧ s✐❣✉✐❡♥t❡
r❡s✉❧t❛❞♦✿
Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✶✷✳ ❋❈▲❚ ♣❛r❛ ✈❛r✐❛❜❧❡s ■✳■✳❉ ✳✹✷ ❙❡❛{ξn} ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛✲
❜❧❡s ❛❧❡❛t♦r✐❛s ■✳■✳❉✱ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ (Ω,F , P )✱ ❝♦♥ E [ξn] = 0, E [ξ2n] =
σ2 ❨ s❡❛✿ Sn = ξ1+ ξ2+ ξ3+ · · · + ξn, n ∈ N. ❊♥t♦♥❝❡s ♣❛r❛ ❧❛s ❢✉♥❝✐♦♥❡s ❛❧❡❛t♦r✐❛s
Xn (t, w) s♦❜r❡ ❡❧ ❡s♣❛❝✐♦ C [0, 1] ❞❡✜♥✐❞❛s ❝♦♠♦✿
Xn (t, w) =
1
σ
√
n
S[nt] (w) + (nt− [nt]) 1
σ
√
n
ξ[nt]+1 (w) ✭✷✳✷✳✶✷✮
❙❡ ❝✉♠♣❧❡ q✉❡ Xn
d−→ W (t)✱ ❞♦♥❞❡ W (t) ❡s ✉♥ ♣r♦❝❡s♦ ❞❡ ❲✐❡♥❡r✳
✷✳✷✳✸✳✸✳ ▲❡② ❢✉❡rt❡ ❞❡ ❧♦s ❣r❛♥❞❡s ♥ú♠❡r♦s
▲❛ ❧❡② ❢✉❡rt❡ ❞❡ ❧♦s ❣r❛♥❞❡s ♥ú♠❡r♦s ✭❙▲▲◆✮ ❡s ✉♥ r❡s✉❧t❛❞♦ ❛♥❛❧ít✐❝♦ ❞❡ ❧❛
❡st❛❞íst✐❝❛✱ q✉❡ ❡st❛❜❧❡❝❡ ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❝❛s✐ s❡❣✉r❛ ❞❡ ❧❛ s✉♠❛ ❞❡ ✉♥❛ s✉❝❡s✐ó♥ ❞❡
✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ❤❛❝✐❛ ❧❛ ❡①♣❡❝t❛t✐✈❛ ❞❡ ❧❛ ♠✐s♠❛✳ ❊♥ t❡♦rí❛ ❞❡ ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞
♥♦ ❡①✐st❡ ✉♥❛ ú♥✐❝❛ ❙▲▲◆ s✐♥♦ ✈❛r✐❛s✱ ② ❝❛❞❛ ✉♥❛ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥ t✐♣♦ ♣❛rt✐❝✉❧❛r
❞❡ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛✳ ❆ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦ s❡ ♣♦♥❡ ❧❛ s✐❣✉✐❡♥t❡ ❙▲▲◆✿
Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✶✸✳ ❙▲▲◆ ♣❛r❛ s✉❝❡s✐♦♥❡s ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ■✳■✳❉✹✸✳ ❙❡❛
{Xn} ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ✐♥❞❡♣❡♥❞✐❡♥t❡s ❡ ✐❞❡♥t✐❝❛♠❡♥t❡ ❞✐str✐❜✉✐✲
❞❛s ❝♦♥ ❡①♣❡❝t❛t✐✈❛ E
[
X1
]
= µ ② E
[
X1
]
<∞✳ ❨ s❡❛ Sn = X1+X2+· · ·+Xn , n ≥ 1✳
❊♥t♦♥❝❡s✿
Sn
n
a.s−−−−−→ µ
❈♦r♦❧❛r✐♦ ✷✳✷✳✶✳ ❙❡❛ {Xn} ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ✐♥❞❡♣❡♥❞✐❡♥t❡s
❡ ✐❞❡♥t✐❝❛♠❡♥t❡ ❞✐str✐❜✉✐❞❛s ❝♦♥ ❡①♣❡❝t❛t✐✈❛ E
[
X21
]
= µ2 ② E
[
X21
]
< ∞✳ ❨ s❡❛
✹✷❚❛♠❜✐é♥ ❧❧❛♠❛❞♦ t❡♦r❡♠❛ ❞❡ ❉♦♥s❦❡r✱ ✉♥❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ t❡♦r❡♠❛ ❡st❛ ❡♥ ❈❛♣♣❛s♦ ② ❇❛❦s✲
t❡✐♥ ✭✷✵✶✷✮ ♣✲✸✵✼✳
✹✸❊st❡ r❡s✉❧t❛❞♦ ❡s ❝♦♥♦❝✐❞♦ ❝♦♠♦ ❧❛ ❧❡② ❢✉❡rt❡ ❞❡ ❑♦❧♠♦❣♦r♦✈✱ ✉♥❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ r❡s✉❧t❛❞♦
s❡ ❤❛❧❧❛ ❡♥ ●✉t ✭✷✵✶✷✮✱ ♣✲✷✾✻✳
❈❆P❮❚❯▲❖ ✷✳ ❇❆❙❊❙ ❚❊Ó❘■❈❆❙ ❨ ▼❆❘❈❖ ❚❊Ó❘■❈❖ ✷✷
S2n = X
2
1 +X
2
2 + · · ·+X2n , n ≥ 1 ✳ ❊♥t♦♥❝❡s✿
S2n
n
a.s−−−−−→ µ2
❊❧ ❝♦r♦❧❛r✐♦ ✷✳✷✳✶ ✐♠♣❧✐❝❛ q✉❡ ❧❛s ❧❡②❡s ❞❡ ❧♦s ❣r❛♥❞❡s ♥ú♠❡r♦s ♣✉❡❞❡♥ ❡①t❡❞❡rs❡
❛ ♠♦♠❡♥t♦s ❞❡ ♦r❞❡♥ s✉♣❡r✐♦r s✐ ❝✉♠♣❧❡♥ ❧♦s s✉♣✉❡st♦s r❡s♣❡❝t✐✈♦s✳
Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✶✹✳ ❙❡❛ {Xn} ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s t❛❧ q✉❡ Sn =
X1+X2+ · · ·+Xn , n ≥ 1 ✱ ② s❡❛ µ¯n = 1n
∑n
i=1E
[
Xi
]
t❛❧ q✉❡ l´ım
n−→∞
µ¯n = µ ✳ ❊♥t♦❝❡s
s❡ ❝✉♠♣❧❡ q✉❡✹✹✿
Sn
n
− µ¯n a.s−−−−−→ 0 =⇒ Sn
n
a.s−−−−−→ µ
✷✳✷✳✹✳ ■♥❢❡r❡♥❝✐❛ ❡st❛❞✐st✐❝❛
❊♥ ❡st❛ s✉❜s❡❝❝✐ó♥ s❡ ✈❛♥ ❛ ❞❡t❛❧❧❛r ❝♦♥❝❡♣t♦s ❜ás✐❝♦s ❞❡ ❧❛ ❡st❛❞✐st✐❝❛ ✐♥❢❡r❡♥❝✐❛❧
② ❞❡✜♥✐r ❛❧❣✉♥♦s t✐♣♦s ❞❡ ❡st✐♠❛❞♦r❡s✱ ❞❡♥tr♦ ✉♥❛ ❣r❛♥ ✈❛r✐❛❡❞❛❞ ❞❡ ❡st♦s✱ q✉❡ s♦♥
♥❡❝❡s❛r✐♦s ♣❛r❛ ♣♦st❡r✐♦r❡s ❞❡s❛rr♦❧❧♦s ❡♥ ❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦✳
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✶✽✳ Pr♦❝❡s♦ ●❡♥❡r❛❞♦r ❞❡ ❞❛t♦s ✭❉✳●✳P✮✹✺✳ ❊s ❡❧ ✈❡r❞❛❞♦ ♠♦❞❡❧♦
❡st❛❞✐st✐❝♦ s✉❜②❛❝❡♥t❡ q✉❡ ❣❡♥❡r❛ ❧❛s ♦❜s❡r✈❛❝✐♦♥❡s ❡♥ ❧❛ ♠✉❡str❛✳✹✻
❯♥ ❡❥❡♠♣❧♦ ❝♦♥♦❝✐❞♦ ❡s ❡❧ ❧❛♥③❛♠✐❡♥t♦ ❞❡ ♥✉❡✈❛ ♠♦♥❡❞❛ ♥♦ tr✉❝❛❞❛ n ✈❡❝❡s✱ ❧❛s
n ♦❜s❡r✈❛❝✐♦♥❡s s♦♥ ❣❡♥❡r❛❞❛s ♣♦r ❡❧ ✈❡r❞❛❞❡r♦ ♠♦❞❡❧♦ ❡st❛❞✐st✐❝♦ q✉❡ ❝♦rr❡s♣♦♥❞❡
❛ ✉♥❛ ❞✐str✐❜✉❝✐♦♥ ❜✐♥♦♠✐❛❧✳
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✶✾✳ P❛rá♠❡tr♦✳ ❉❛❞♦ ✉♥ ♠♦❞❡❧♦ ❡st❛❞íst✐❝♦ ❝♦♥ ❢✉♥❝✐ó♥ ❞❡ ❞❡♥s✐❞❛❞
f(x, θ) ✉♥ ♣❛rá♠❡tr♦ ❡s ✉♥ ❝♦♥st❛♥t❡ q✉❡ ❞❡t❡r♠✐♥❛ ✉♥❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥
❞❡ ❢✉♥❝✐ó♥ ❞❡ ❞❡♥s✐❞❛❞ t❛❧❡s ❝♦♠♦ ❢♦r♠❛✱ ✉❜✐❝❛❝✐ó♥✱ ❡s❝❛❧❛✱ ♣r♦♣♦r❝✐ó♥✱ ❡♥tr❡ ♦tr♦s ✹✼
② s❡ ❞❡♥♦t❛ ♠❡❞✐❛♥t❡ θ✳
✹✹❱é❛s❡ ▼✐tt❡❧❤❛♠♠❡r ✭✷✵✶✸✮✱ ♣❛❣✲✷✻✵✳
✹✺❚❛♠❜✐❡♥ ❧❧❛♠❛❞♦ ♠❡❝❛♥✐s♠♦ ❣❡♥❡r❛❞♦r ❞❡ ❞❛t♦s
✹✻P❛r❛ ♠❛②♦r❡s ❞❡t❛❧❧❡s ② s✉ ❧✉❣❛r ❡♥ ❡❧ ♣r♦❝❡s♦ ❞❡ ✐♥❢❡r❡♥❝✐❛✱✈❡r ▲✐♥❞s❡② ✭✶✾✾✻✮✳
✹✼❱é❛s❡ ❙♣❛♥♦s ✭✶✾✾✾✮✱ ♣✲✸✼✳
❈❆P❮❚❯▲❖ ✷✳ ❇❆❙❊❙ ❚❊Ó❘■❈❆❙ ❨ ▼❆❘❈❖ ❚❊Ó❘■❈❖ ✷✸
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✷✵✳ ❊st✐♠❛❞♦r ② ❡st❛❞íst✐❝♦✳ ❯♥ ❡st❛❞✐st✐❝♦ T = g
(
X1, X2, . . . , Xn
)
s❡ ❞❡✜♥❡ ❝♦♠♦ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ❝♦♥t❡♥✐❞❛s ❡♥ ✉♥❛ ♠✉❡str❛✱ ②
s❡ ❞❡♥♦t❛ ❝♦♠♦ T
(
X
)
✳ ▼✐❡♥tr❛s q✉❡ ✉♥ estimador✹✽ ❡s ✉♥ ❡st❛❞✐st✐❝♦ T
(
X
)
q✉❡ s❡
✉t✐❧✐③❛ ♣❛r❛ ❡st✐♠❛r ❛❧❣✉♥❛ ❝❛♥t✐❞❛❞ ♣♦❜❧❛❝✐♦♥❛❧ θ✱ ② s❡ ❞❡♥♦t❛ ❝♦♠♦ θˆ✳
❉❡ ♠♦❞♦ q✉❡ ✉♥ ♠✐s♠♦ ❡st❛❞íst✐❝♦ ♣✉❡❞❡ s❡r ✉s❛❞♦ ♣♦r ❞♦s ❡st✐♠❛❞♦r❡s ♣❛r❛
❤❛❧❧❛r ❞♦s ❝❛♥t✐❞❛❞❡s ♣♦❜❧❛❝✐♦♥❛❧❡s ❞✐st✐♥t❛s✱ ♣♦r ❡❥❡♠♣❧♦✿ ❧❛ ♠❡❞✐❛ ♠✉❡str❛❧ x¯ ♣✉❡❞❡
s❡r ✉♥ ❡st✐♠❛❞♦r ❞❡ ❧❛ ♠❡❞✐❛ ♣♦❜❧❛❝✐♦♥❛❧ ② ❞❡ ❧❛ ♠♦❞❛✳
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✷✶✳ ❊st✐♠❛❞♦r ✐♥s❡s❣❛❞♦✳ ❙❡❛ θˆ ✉♥ ❡st✐♠❛❞♦r ❞❡ θ ✱ s❡ ❞✐❝❡ q✉❡ θˆn
❡s ✉♥ ❡st✐♠❛❞♦r ✐♥s❡s❣❛❞♦✹✾ ❞❡ θ s✐✿
E
[
θˆ
]
= θ
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✷✷✳ ❊st✐♠❛❞♦r ❡✜❝✐❡♥t❡✳ ❙❡❛♥ θˆ1 ② θˆ2 ❞♦s ❡st✐♠❛❞♦r❡s ✐♥s❡s❣❛❞♦s
❞❡ θ✳ ❙❡ ❞✐❝❡ q✉❡ θˆ1 ❡s ❡s ❡✜❝✐❡♥t❡
✺✵✱ t❛♠❜✐é♥ ❧❧❛♠❛❞♦ r❡❧❛t✐✈❛♠❡♥t❡ ❡✜❝✐❡♥t❡✱ ❝♦♥
r❡s♣❡❝t♦ ❛ θˆ2 s✐ s❡ ❝✉♠♣❧❡✿
V ar
(
θˆ1
) ≤ V ar(θˆ2)
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✷✸✳ ❊st✐♠❛❞♦r ❝♦♥s✐st❡♥t❡✳ ❯♥ ❊st✐♠❛❞♦r θˆn ❞❡ θ ❡s ❝♦♥s✐st❡♥t❡
✺✶
s✐ ♣❛r❛ ❝✉❛❧q✉✐❡r ♥ú♠❡r♦ ♣♦s✐t✐✈♦ ε✱ s✐ s❡ ❝✉♠♣❧❡✿
l´ım
n−→∞
Pr
(∣∣θˆn − θ∣∣ > ǫ) = 0
❖ ❞❡ ♠❛♥❡r❛ ❡q✉✐✈❛❧❡♥t❡✿
l´ım
n−→∞
Pr
(∣∣θˆn − θ∣∣ ≤ ǫ) = 1
✹✽▼❛②♦r❡s ❞❡t❛❧❧❡s ❡♥ P❛♥✐❦ ✭✷✵✵✺✮✱ ♣❛❣✲✸✼✸✳
✹✾❱é❛s❡ ❲❡st❢❛❧❧ ✭✷✵✶✸✮✱ ♣❛❣✲✷✽✹✳
✺✵▼❛②♦r❡s ❞❡t❛❧❧❡s ❡♥ ▲✐❡r♦ ✭✷✵✶✷✮✱ ♣❛❣✲✾✼✳
✺✶▼❛②♦r❡s ❞❡t❛❧❧❡s ❡♥ P❛♥✐❦ ✭✷✵✵✺✮✱ ♣❛❣✲✹✶✶✳
❈❆P❮❚❯▲❖ ✷✳ ❇❆❙❊❙ ❚❊Ó❘■❈❆❙ ❨ ▼❆❘❈❖ ❚❊Ó❘■❈❖ ✷✹
❉❡✜♥✐❝✐ó♥ ✷✳✷✳✷✹✳ ❊st✐♠❛❞♦r ❛s✐♥tót✐❝❛♠❡♥t❡ ♥♦r♠❛❧✳ ❯♥ ❊st✐♠❛❞♦r θˆn ❞❡ θ ✱ ❡s
❛s✐♥tót✐❝❛♠❡♥t❡ ♥♦r♠❛❧✺✷ s✐ s❡ ♣✉❡❞❡ ❡♥❝♦♥tr❛r ✉♥❛ s✉❝❡s✐ó♥ ♥♦r♠❛❧✐③❛❞♦r❛
{
Xn
}
t❛❧ q✉❡✿
Cn
(
θˆn − θ
)
a˜ N
(
0, V ar
(
θˆn
))
✷✳✸✳ Pr♦❝❡s♦s ❡st♦❝ást✐❝♦s ② t✐♣♦s ❞❡ ♣r♦❝❡s♦s ❡st♦✲
❝ást✐❝♦s
❉❡✜♥✐❝✐ó♥ ✷✳✸✳✶✳ Pr♦❝❡s♦ ❡st♦❝ást✐❝♦✳ ❙❡❛
(
Ω,F , P) ✉♥ ❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞✱(
X ,B
)
✉♥ ❡s♣❛❝✐♦ ♠❡❞✐❜❧❡ ② T ✉♥ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s✳ ❯♥ ♣r♦❝❡s♦ ❡st♦❝ást✐❝♦✺✸
(Xt)t∈T ❡s ✉♥❛ ❢❛♠✐❧✐❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐✲
❧✐❞❛❞ ❝♦♠ú♥✱ t❛❧ q✉❡✿ X : (Ω,F)→ (R,B) ♣❛r❛ t ∈ T ✱ ② s❡ ❞❡♥♦t❛ ❝♦♠♦ {Xt}✳
P♦r ❞❡✜♥✐❝✐ó♥ ✉♥ ♣r♦❝❡s♦ ❡st♦❝ást✐❝♦✱ s❡ ❝♦♠♣♦♥❡ ❞❡ ✉♥ ❡s♣❛❝✐♦ ♠✉❡str❛❧✱ ❢✉♥✲
❝✐♦♥❡s ✐♥❞❡①❛❞❛s t❡♠♣♦r❛❧♠❡♥t❡ ② ✉♥❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞✱✺✹ ❞❡ ♠♦❞♦ q✉❡ ✉♥
♣r♦❝❡s♦ ❡st♦❝ást✐❝♦ ❡s ✉♥❛ ❢✉♥❝✐ó♥ q✉❡ ❛s✐❣♥❛ ❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡❧ ❡s♣❛❝✐♦ ♠✉❡str❛❧
✉♥❛ tr❛②❡❝t♦r✐❛ t❡♠♣♦r❛❧ ❛s♦❝✐❛❞❛ ❛ ✉♥❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❀ ② ❡♥ ❣❡♥❡r❛❧
✉♥ ♣r♦❝❡s♦ ❡st♦❝ást✐❝♦ {Xt} t✐❡♥❡ ♠♦♠❡♥t♦s ♣r♦❜❛❜✐❧íst✐❝♦s ✭♣♦r ❡❥❡♠♣❧♦✿ ♠❡❞✐❛ ②
✈❛r✐❛♥③❛✮ q✉❡ s♦♥ ❢✉♥❝✐♦♥❡s ❞❡❧ t✐❡♠♣♦✳
✷✳✸✳✶✳ ❚✐♣♦s ❞❡ ♣r♦❝❡s♦s ❡st♦❝ást✐❝♦s
❊①✐st❡♥ ❞✐✈❡rs❛s ❢♦r♠❛s ❞❡ ❝❧❛s✐✜❝❛r ❧♦s ♣r♦❝❡s♦s ❡st♦❝ást✐❝♦s s❡❣ú♥ ❡❧ t✐♣♦ ❞❡
♣r♦♣✐❡❞❛❞❡s ❡st❛❞íst✐❝❛s ② ♣r♦❜❛❜✐❧íst✐❝❛s q✉❡ ♣♦s❡❛♥✳ ❊♥ ❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦ ❧♦s
❞✐✈❡rs♦s ❞❡s❛rr♦❧❧♦s ❛♥❛❧ít✐❝♦s ② t❡♦r❡♠❛s r❡q✉✐❡r❡♥ ✉♥ ✉s♦ ✐♥t❡♥s✐✈♦ ❞❡ ❧♦s s✐❣✉✐❡♥t❡s
t✐♣♦s ❞❡ ♣r♦❝❡s♦s ❡st♦❝ást✐❝♦s✿
✷✳✸✳✶✳✶✳ Pr♦❝❡s♦s ❞❡♣❡♥❞✐❡♥t❡s ❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s
✺✷❱é❛s❡ ❏✐❛♥❣ ✭✷✵✶✵✮✱ ♣❛❣✲✽✾✳
✺✸❱❡r ❈❛♣❛ss♦ ✭✷✵✶✷✮ ♣❛r❛ ♠❛②♦r❡s ❞❡t❛❧❧❡s s♦❜r❡ ❧♦s ♣r♦❝❡s♦s ❡st♦❝ást✐❝♦s✳
✺✹❱❡r ❱❡♥❦❛t❛r❛♠❛ ✭✷✵✵✻✮ ♣✲✹✵✻✱ ♣❛r❛ ♠❛②♦r❡s ❞❡t❛❧❧❡s ② ❡❥❡♠♣❧♦s ❞❡ ♣r♦❝❡s♦s ❡st♦❝ást✐❝♦s✳
❈❆P❮❚❯▲❖ ✷✳ ❇❆❙❊❙ ❚❊Ó❘■❈❆❙ ❨ ▼❆❘❈❖ ❚❊Ó❘■❈❖ ✷✺
❯♥ ♣r♦❝❡s♦ ❡st♦❝ást✐❝♦ {Xt} ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡✺✺ s✐ s❡ ❝✉♠♣❧❡ ❧♦ s✐❣✉✐❡♥t❡✿
FX1X2...Xn(X1X2 . . . Xn) = Fx1(X1, t1)×Fx2(X2, t2) . . .×Fxn(Xn, tn) =
n∏
i=1
Fxi(Xi, ti)
▲♦ ❝✉❛❧ q✉✐❡r❡ ❞❡❝✐r q✉❡ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❝♦♥❥✉♥t❛ ❞❡❧ ♣r♦❝❡s♦ ❡st♦❝ást✐❝♦ {Xt}
♣❛r❛ t ✐♥st❛♥t❡s t❡♠♣♦r❛❧❡s (t1, t2, . . . tn) s❡ ♣✉❡❞❡ ❡①♣r❡s❛r ❝♦♠♦ ❡❧ ♣r♦❞✉❝t♦ ❞❡
❧❛ ❢✉♥❝✐ó♥ ❞❡ ❞✐str✐❜✉❝✐ó♥ ♠✐s♠♦ ♣r♦❝❡s♦ ♣❛r❛ ❧♦s ♥ ✐♥st❛♥t❡s ❞❡❧ t✐❡♠♣♦✳ ❊♥ ❝❛s♦
❝♦♥tr❛r✐♦ ❡❧ ♣r♦❝❡s♦ {Xt}s❡ ❞✐❝❡ q✉❡ ❡s ❞❡♣❡♥❞✐❡♥t❡✳
✷✳✸✳✶✳✷✳ Pr♦❝❡s♦s ❡st❛❝✐♦♥❛r✐♦s ② ♥♦ ❡st❛❝✐♦♥❛r✐♦s
❯♥ ♣r♦❝❡s♦ ❡st♦❝ást✐❝♦ {Xt} ❡s ❡st❛❝✐♦♥❛r✐♦ ❡♥ s❡♥t✐❞♦ ❡str✐❝t♦✺✻✱ t❛♠❜✐é♥ ❧❧❛♠❛✲
❞♦ ❡str✐❝t❛♠❡♥t❡ ❡st❛❝✐♦♥❛r✐♦✱ s✐ s✉ ❞✐str✐❜✉❝✐ó♥ ❝♦♥❥✉♥t❛ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ t❡♠♣♦r❛❧
{ti : i = 1, 2, ...n} ❡s ❧❛ ♠✐s♠❛ q✉❡ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ {ti + h : i = 1, 2, ...n} ♣❛r❛ t♦❞♦
h✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s✿
FX1X2···Xn(X1X2 · · ·Xn) = FX1+hX2+h···Xn+h(X1X2 · · ·Xn)
❉❡ ❧♦ ❝✉❛❧ s❡ ❞❡s♣r❡♥❞❡ q✉❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❞✐str✐❜✉❝✐ó♥ ✉♥ ♣r♦❝❡s♦ ❡st♦❝ást✐❝♦
❡str✐❝❛♠❡♥t❡ ❡st❛❝✐♦♥❛r✐♦ X(t) s❡ ♠❛♥t✐❡♥❡ ✐♥✈❛r✐❛♥t❡ ❛♥t❡ ❝✉❛❧q✉✐❡r ❞❡s♣❧❛③❛♠✐❡♥✲
t♦ t❡♠♣♦r❛❧✳ ▼✐❡♥tr❛s q✉❡ ✉♥ ♣r♦❝❡s♦ ❡st♦❝ást✐❝♦ X(t) ❡s ❡st❛❝✐♦♥❛r✐♦ ❞❡ s❡❣✉♥❞♦
♦r❞❡♥✺✼✱ t❛♠❜✐é♥ ❧❧❛♠❛❞♦ ❡st❛❝✐♦♥❛r✐♦ ❡♥ ❝♦✈❛r✐❛♥③❛ ♦ ❞é❜✐❧♠❡♥t❡ ❡st❛❝✐♦♥❛r✐♦✱ s✐ s❡
❝✉♠♣❧❡ q✉❡✿
✶✳ E [X(t)] = µx♣❛r❛ t♦❞♦ −∞ < t < +∞
✷✳ E [X(t)2] <∞ ♣❛r❛ t♦❞♦ −∞ < t < +∞
✸✳ E [(X(s)− µ) (X (t)− µ)] ❞❡♣❡♥❞❡ ❞❡ ❧❛ ❞✐❢❡r❡♥❝✐❛ t❡♠♣♦r❛❧ |s− t|
✺✺❱é❛s❡ ❑♦❜❛②❛s❤✐ ✭✷✵✶✷✮✱ ♣✲✸✶✽✳
✺✻▼❛②♦r❡s ❞❡t❛❧❧❡s ❡♥ ❉♦♦❜ ✭✶✾✺✸✮✱ ♣❛❣✲✾✹✳
✺✼❱é❛s❡ ❑❛r❧✐♥ ✭✶✾✼✺✮✱ ♣❛❣✲✹✹✺✳
❈❆P❮❚❯▲❖ ✷✳ ❇❆❙❊❙ ❚❊Ó❘■❈❆❙ ❨ ▼❆❘❈❖ ❚❊Ó❘■❈❖ ✷✻
❉❡ ♠♦❞♦ q✉❡ ✉♥ ♣r♦❝❡s♦ ❡st❛❝✐♦♥❛r✐♦ X(t) ❡s ✉♥ ♣r♦❝❡s♦ ❡st♦❝ást✐❝♦ ❝✉②❛s ❧❡②❡s
♣r♦❜❛❜✐❧íst✐❝❛s ♥♦ ❝❛♠❜✐❛♥ ♣♦r ❞❡s♣❧❛③❛♠✐❡♥t♦s t❡♠♣♦r❛❧❡s✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s ✉♥
♣r♦❝❡s♦ ❞é❜✐❧♠❡♥t❡ ❡st❛❝✐♦♥❛r✐♦ X(t) t✐❡♥❡ ♠♦♠❡♥t♦s ❞❡ ♣r✐♠❡r ② s❡❣✉♥❞♦ ♦r❞❡♥
q✉❡ ♥♦ s♦♥ ❢✉♥❝✐♦♥❡s ❞❡❧ t✐❡♠♣♦✳
❯♥ ♣r♦❝❡s♦ ❡st♦❝ást✐❝♦ X(t) ❡s ♥♦ ❡st❛❝✐♦♥❛r✐♦ ❝✉❛♥❞♦ s✉s ❧❡②❡s ♣r♦❜❛❜✐❧✐st✐❝❛s
♥♦ s❛t✐s❢❛❝❡♥ ❧♦s s✉♣✉❡st♦s ♥❡❝❡s❛r✐♦s ♣❛r❛ s❡r ❡st❛❝✐♦♥❛r✐♦✱ ❡♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❧❛s
❧❡②❡s ♣r♦❜❛❜✐❧✐st✐❝❛s ❞❡ ✉♥ ♣r♦❝❡s♦ ♥♦ ❡st❛❝✐♦♥❛r✐♦ s♦♥ ❢✉♥❝✐♦♥❡s ❞❡❧ t✐❡♠♣♦✳ ❯♥
❡❥❡♠♣❧♦ ❝♦♥♦❝✐❞♦ ❡s ❧❛ ❝❛♠✐♥❛t❛ ❛❧❡❛t❛r✐❛✳
✷✳✸✳✶✳✸✳ Pr♦❝❡s♦s ❞❡ ❲✐❡♥❡r
❯♥ ♣r♦❝❡s♦ ❞❡ ❲✐❡♥❡r✺✽✱ t❛♠❜✐é♥ ❧❧❛♠❛❞♦ ♣r♦❝❡s♦ ❇r♦✇♥✐❛♥♦ ♦ ♠♦✈✐♠✐❡♥t♦
❇r♦✇♥✐❛♥♦✱ ❡s ✉♥ ♣r♦❝❡s♦ ❡st♦❝ást✐❝♦ ❞❡ t✐❡♠♣♦ ❝♦♥t✐♥✉♦ q✉❡ s❛t✐s❢❛❝❡ ❧❛s s✐❣✉✐❡♥t❡s
♣r♦♣✐❡❞❛❞❡s✿
❍♦♠♦❣❡♥❡✐❞❛❞ ❡s♣❛❝✐❛❧✿
Pr [W (t) ≤ w | W (0) = a] = Pr [W (t) ≤ w + b | W (0) = a+ b]
❍♦♠♦❣❡♥❡✐❞❛❞ t❡♠♣♦r❛❧✿
Pr [W (t) ≤ w | W (0) = a] = Pr [W (t+ s) ≤ w | W (s) = a]
■♥❝r❡♠❡♥t♦s ✐♥❞❡♣❡♥❞✐❡♥t❡s✿
P❛r❛ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ✐♥t❡r✈❛❧♦s ❞✐s❥✉♥t♦s (si, ti] , i = 1, 2, . . . s❡ t✐❡♥❡ q✉❡✿
W (ti)−W (ts) , i = 1, 2, . . .
❙♦♥ ✐♥❝r❡♠❡♥t♦s ✐♥❞❡♣❡♥❞✐❡♥t❡s✳
Pr♦♣✐❡❞❛❞ ●❛✉s✐❛♥❛✿
✺✽❱é❛s❡ ❑♦❜❛②❛s❤✐ ✭✷✵✶✷✮✱ ♣✲✹✾✶✳ P❛r❛ ❡①t❡♥s♦ ❛♥á❧✐s✐s ❞❡ ❧♦s ♣r♦❝❡s♦s ❞❡ ❲✐❡♥❡r ② s✉s ♣r♦♣✐❡✲
❞❛❞❡s ✈é❛s❡ ❇♦r♦❞✐♥ ② ❙❛❧♠✐❡♥ ✭✷✵✵✷✮ ✳
❈❆P❮❚❯▲❖ ✷✳ ❇❆❙❊❙ ❚❊Ó❘■❈❆❙ ❨ ▼❆❘❈❖ ❚❊Ó❘■❈❖ ✷✼
❈✉❛❧q✉✐❡r ✐♥❝r❡♠❡♥t♦ W (ti)−W (si) , ti > si ❡s ♥♦r♠❛❧♠❡♥t❡ ❞✐str✐❜✉✐❞♦✺✾✿
Pr [W (t) ≤ x | W (t0) = x0] = 1√
2πα (t− t0)
∫ x−x0
−∞
exp
{
− y
2
2α (t− t0)
}
dy
Pr♦♣✐❡❞❛❞ ❞❡ ▼❛r❦♦✈✿
Pr [W (t+ s) ≤ w | W (u) , u ≤ t] = Pr [W (t+ s) ≤ w | W (t)] , ∀s ≥ 0
✷✳✹✳ Pr♦❝❡s♦s ❙tr♦♥❣✲▼✐①✐♥❣
❊♥ ♣r♦❜❛❜✐❧✐❞❛❞ ❞♦s ❡✈❡♥t♦s A ② B s♦♥ ✐♥❞❡♣❡♥❞✐❡♥t❡s✻✵ ❡♥ ✉♥ ♠✐s♠♦ ❡s♣❛❝✐♦
❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ ❝✉❛♥❞♦✿
Pr(A ∩B) = Pr(A)× Pr(B)
❨ s♦♥ ❞❡♣❡♥❞✐❡♥t❡s ❝✉❛♥❞♦ Pr(A ∩ B) − Pr(A) × Pr(B) 6= 0✳ ❉❡ ❧❛ ♠✐s♠❛
♠❛♥❡r❛ ❞♦s ❡✈❡♥t♦s ❣❡♥❡r❛❞♦s ♣♦r ❧♦s s✉❜✲❡s♣❡❛❝✐♦s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ A ② B✱ s♦♥
✐♥❞❡♣❡♥❞✐❡♥t❡s s✐ s❡ ❝✉♠♣❧❡✿
Pr(A ∩ B) = Pr(A)× Pr(B) con A ∈ A y B ∈ B
❉❡ ♠♦❞♦ q✉❡ ✉♥❛ ♠❡❞✐❞❛ út✐❧ ♣❛r❛ ❝✉❛♥t✐✜❝❛r ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❡♥tr❡ ❞♦s ❡✈❡♥t♦s
❡s ❧❛ s✐❣✉✐❡♥t❡✿ ∣∣∣Pr(A ∩B)− Pr(A)× Pr(B)∣∣∣
❉❡✜♥✐❝✐ó♥ ✷✳✹✳✶✳ ❉❡♣❡♥❞❡♥❝✐❛ α✲♠✐①✐♥❣✻✶✳ ❙❡❛ A ② B✱ ❞♦s s✉❜✲σ á❧❣❡❜r❛s ❞❡ F ✱
❡♥t♦♥❝❡s ❧❛ ♠❡❞✐❞❛ ❞❡ ❞❡♣❡♥❞❡♥❝✐❛α✲♠✐①✐♥❣ s❡ ❞❡✜♥❡ ✿
α (A,B) = sup
A∈A,B∈B
∣∣∣Pr(A ∩ B)− Pr(A)× Pr(B)∣∣∣
✺✾P❛r❛ ♠❛②♦r❡s ❞❡t❛❧❧❡s s♦❜r❡ ❧❛ ❞✐str✐❜✉❝✐ó♥ ♥♦r♠❛❧ ✈é❛s❡ ❡❧ ❛♣é♥❞✐❝❡ ✭❆✳✹✮
✻✵❊♥ ♣r♦❜❛❜✐❧✐❞❛❞ ❧❛ ✐♥❞❡♣❡♥❞❡♥❝✐❛ s❡ ❞❛ ❛ ♥✐✈❡❧ ❡✈❡♥t♦s✱ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s✱ ❡s♣❛❝✐♦s ② ♦tr❛s
❡str✉❝t✉r❛s ♣r♦❜❛❜✐❧íst✐❝❛s✳
✻✶❱é❛s❡ ❇r❛❞❧❡② ✭✷✵✵✺✮✳
❈❆P❮❚❯▲❖ ✷✳ ❇❆❙❊❙ ❚❊Ó❘■❈❆❙ ❨ ▼❆❘❈❖ ❚❊Ó❘■❈❖ ✷✽
❉❡✜♥✐❝✐ó♥ ✷✳✹✳✷✳ ❈♦❡✜❝✐❡♥t❡ α✲♠✐①✐♥❣✳ ❙❡❛ F t−∞ = σ
(
Xt, Xt−1, Xt−2, . . .
)
② F∞t =
σ
(
Xt, Xt+1, Xt+2, . . .
)
✉♥ ♣❛r ❞❡ σ✲ á❧❣❡❜r❛s ❣❡♥❡r❛❞♦s ♣♦r{Xt}✳ ❯♥ ❝♦❡✜❝✐❡♥t❡ α✲
♠✐①✐♥❣✻✷ s❡ ❞❡✜♥❡ ❝♦♠♦✿
α (t) = sup
t
α
(F t1,F∞t+n)
❉❡✜♥✐❝✐ó♥ ✷✳✹✳✸✳ Pr♦❝❡s♦s α✲♠✐①✐♥❣✻✸✳ ❙❡❛ F t−∞ = σ
(
Xt, Xt−1, Xt−2, . . .
)
② F∞t =
σ
(
Xt, Xt+1, Xt+2, . . .
)
✱ ✉♥ ♣r♦❝❡s♦ X(t) ❡s α✲♠✐①✐♥❣ ♦ str♦♥❣✲♠✐①✐♥❣ s✐✿
α (t) = sup
t
α
(F t1,F∞t+n) −→ 0 cuando t→∞ ✭✷✳✹✳✶✮
❖ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✿
α (t) = sup
t
sup
A∈Ft
−∞
,B ∈F∞t
∣∣∣Pr(A ∩ B)− Pr(A)× Pr(B)∣∣∣ −→ 0 cuando t→∞
❉❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ✭✷✳✹✳✸✮ s❡ t✐❡♥❡ q✉❡ ✉♥ ♣r♦❝❡s♦ ❡st♦❝ást✐❝♦ {Xt} ❡s str♦♥❣ ♠✐①✐♥❣
s✐ ❧❛ s✉❝❡s✐ó♥ ❞❡ ❝♦❡✜❝✐❡♥t❡s α✲♠✐①✐♥❣ t✐❡♥❞❡ ❛ ✵✱ ② s❡ ❞❡s♣r❡♥❞❡ q✉❡ ❛ ♠❡❞✐❞❛ q✉❡ ❡❧
❝♦❡✜❝✐❡♥t❡ α✲♠✐①✐♥❣ t✐❡♥❞❡ ❛ ✵✱ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡♥tr♦ ❞❡❧ ♣r♦❝❡s♦ ✈❛ ❞✐s♠✐♥✉②❡♥❞♦
② ❡♥ ❡❧ ❧í♠✐t❡ ❡❧ ♣r♦❝❡s♦ {Xt} ❡s ❛s✐♥tót✐❝❛♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡✳
❯♥❛ ❝✉❛❧✐❞❛❞ r❡s❛❧t❛♥t❡ ❞❡ ❧♦s ♣r♦❝❡s♦s str♦♥❣✲♠✐①✐♥❣ ❡s q✉❡ ♣✉❡❞❡♥ s❡r t❛♥t♦
♣r♦❝❡s♦s ❡st❛❝✐♦♥❛r✐♦s ❝♦♠♦ ♥♦ ❡st❛❝✐♦♥❛r✐♦s✱ ♠✐❡♥tr❛s q✉❡ ♦tr♦s ♣r♦❝❡s♦s ❛s✐♥tót✐❝❛✲
♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s ❝♦♠♦ ❧♦s ♣r♦❝❡s♦s ❡r❣ó❞✐❝♦s✻✹ s♦❧♦ ♣✉❡❞❡♥ s❡r ❡st❛❝✐♦♥❛r✐♦s✱ ❞❡
♠♦❞♦ q✉❡ ❧♦s ♣r♦❝❡s♦s str♦♥❣ ♠✐①✐♥❣ s♦♥ ♠ás ❣❡♥❡r❛❧❡s q✉❡ ❧♦s ♣r♦❝❡s♦s ❡r❣ó❞✐❝♦s✳
❉❡✜♥✐❝✐ó♥ ✷✳✹✳✹✳ ❚❛♠❛ñ♦ ❞❡ ✉♥❛ s✉❝❡s✐ó♥✻✺✳ ❙❡❛ α (t) ✉♥❛ s✉❝❡s✐ó♥ t❛❧ q✉❡ α (t) =
O (m−a−ε) ♣❛r❛ ❛❧❣ú♥ ε > 0✱ ❡♥t♦♥❝❡s α (t) ❡s ❞❡ t❛♠❛ñ♦ −a✳
✻✷❱❡r ●✉t ✭✷✵✶✸✮ ♣✲✹✺✵✳
✻✸▼❛②♦r❡s ❞❡t❛❧❧❡s ❡♥ ❩❤❡♥❣②❛♥ ✭✶✾✾✻✮ ♣✲✹✳
✻✹❯♥ ♣r♦❝❡s♦ {Zt} ❡s ❡r❣ó❞✐❝♦ s✐ ♣❛r❛ ❝✉❛❧q✉✐❡r ♣❛r ❞❡ ❢✉♥❝✐♦♥❡s ❛❝♦t❛❞❛s f :
R
k −→ R ② g : Rl −→ R✱ s❡ t✐❡♥❡✿ l´ım
n−→∞
∣∣∣∣E[f(zi, . . . zi+k)g(zi+n, . . . zi+n+l)]∣∣∣∣ =∣∣∣∣E[f(zi, . . . zi+k)∣∣∣∣∣∣∣∣E[g(zi+n, . . . zi+n+l)]∣∣∣∣ ✳
✻✺❱é❛s❡ ❲❤✐t❡ ✭✷✵✵✵✮ ♣✲✹✾✳
❈❆P❮❚❯▲❖ ✷✳ ❇❆❙❊❙ ❚❊Ó❘■❈❆❙ ❨ ▼❆❘❈❖ ❚❊Ó❘■❈❖ ✷✾
❉❛❞♦ q✉❡ ❡❧ ❝♦❡✜❝✐❡♥t❡ α✲♠✐①✐♥❣ t✐❡♥❞❡ ❛ ✵ s❡ ♣✉❡❞❡ ✐♥t❡r♣r❡t❛r ❝♦♠♦ ✉♥❛
s✉❝❡s✐ó♥ ❞❡ ❝♦❡✜❝✐❡♥t❡s α✲♠✐①✐♥❣ q✉❡ t✐❡♥❡ ✉♥❛ t❛s❛ ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛✳ ❙✐ ❧❛ s✉❝❡✲
s✐ó♥ ❞❡ ❝♦❡✜❡♥t❡s α✲♠✐①✐♥❣ ❡s ❛ ❧♦ ♠✉❝❤♦ ❞❡ ♦r❞❡♥ t−a−ǫ ǫ > 0✱ ❞❡♥♦t❛❞♦ ❝♦♠♦
α(t) = O
(
t−a−ǫ
)
ǫ > 0✱ ❡♥t♦♥❝❡s s❡ ❞✐❝❡ q✉❡ α ❡s ❞❡ t❛♠❛ñ♦ −a✳
Pr♦♣♦s✐❝✐ó♥ ✷✳✹✳✶✳ ❙❡❛ Xt = g
(
Zt, Zt−1, . . . , Zt−τ
)
❞♦♥❞❡ g (.) ✉♥❛ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡
② τ ❡s ✉♥ ❡♥t❡r♦ ♣♦s✐t✐✈♦✳ ❙✐ Zt ❡s α−♠✐①✐♥❣ ❝♦♥ ❝♦❡✜❝✐❡♥t❡ ♠✐①✐♥❣ −a✱ ❡♥t♦♥❝❡s{
Xt
}
s✐❣✉❡ ✉♥ ♣r♦❝❡s♦ α−♠✐①✐♥❣ ❝♦♥ ❝♦❡✜❝✐❡♥t❡ ♠✐①✐♥❣ −a✳✻✻
❨ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ♣❛r❛ ✈❡❝t♦r❡s ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ❡s ❧❛ s✐❣✉✐❡♥t❡✿
Pr♦♣♦s✐❝✐ó♥ ✷✳✹✳✷✳ ❙❡❛ ❡❧ ✈❡❝t♦r ❞❡ ♣r♦❝❡s♦s ❡st♦❝ást✐❝♦s {Xt,yt} ✱ ❞♦♥❞❡ Xt ❡s ✉♥
✈❡❝t♦r ❞❡ ♣r♦❝❡s♦s ❡st♦❝ást✐❝♦s ② yt ❡s ✉♥ ♣r♦❝❡s♦ ❡st♦❝ást✐❝♦✱ α✲♠✐①✐♥❣ ❝♦♥ t❛♠❛ñ♦
−a ✱ ❡♥t♦♥❝❡s {XtX′t}✱ {Xtyt} ② {yt′yt} ❡s ✉♥ ✈❡❝t♦r ❞❡ ♣r♦❝❡s♦s ❡st♦❝ást✐❝♦s
α✲♠✐①✐♥❣ ❝♦♥ t❛♠❛ñ♦ −a✻✼✳
❯♥ r❡s✉❧t❛❞♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❞❡s❛rr♦❧❧♦s ♣♦st❡r✐♦r❡s ❡s ✉♥❛ ❙▲▲◆ q✉❡ ❝♦rr❡s✲
♣♦♥❞❡ ❛ ♣r♦❝❡s♦s str♦♥❣ ♠✐①✐♥❣ ② q✉❡ s❡ ♣r❡s❡♥t❛ ❛ ❝♦♥t✐♥✉❛❝✐ó♥✿
❚❡♦r❡♠❛ ✷✳✹✳✶✳ ❙▲▲◆ ♣❛r❛ s✉❝❡s✐♦♥❡s α−♠✐①✐♥❣✳✻✽ ❙❡❛ {Xt} ✉♥❛ s✉❝❡s✐ó♥ ❞❡
✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s α−♠✐①✐♥❣ ✱ ❝♦♥ ❝♦❡✜❝✐❡♥t❡ α ❞❡ t❛♠❛ñ♦ r/(r− 1), r > 1 ② µt ≡
E
[
Xt
]
✱ t❛❧ q✉❡ E
∣∣Xt∣∣r+δ ≤ k <∞ , δ > 0 ∀t✳ ❨ s❡❛ Sn = X1+X2+ · · ·+Xn , n ≥ 1✳
❊♥t♦♥❝❡s✿
Sn
n
− µ¯n a.s−−−→ 0 ✭✷✳✹✳✷✮
❉♦♥❞❡ µ¯n =
1
n
∑n
i=1E
[
Xi
]
✳
❚❡♦r❡♠❛ ✷✳✹✳✷✳ ❋❈▲❚ ♣❛r❛ s✉❝❡s✐♦♥❡s ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s α✲♠✐①✐♥❣✳ ❙❡❛ {Xn}
✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞
(
Ω, X, P
)
✱ ② s❡❛
✻✻❱❡r ❧❡♠❛ ✷✳✶ ❞❡ ❲❤✐t❡ ❛♥❞ ❉♦♠♦✇✐t③ ✭✶✾✽✹✮✳
✻✼❱é❛s❡ ❲❤✐t❡ ✭✶✾✾✾✮ ♣✲✺✵✳
✻✽❊❧ t❡♦r❡♠❛ s❡ ♣r❡s❡♥t❛ ❝♦♠♦ ❝♦r♦❧❛r✐♦ ✸✳✹✽ ❡♥ ❲❤✐t❡ ✭✷✵✵✵✮ ② ❡st❛ ❜❛s❛❞♦ ❡♥ ❡❧ t❡♦r❡♠❛ ✷✳✶✵
❞❡ ▼❝▲❡✐s❤ ✭✶✾✼✺✮✳
❈❆P❮❚❯▲❖ ✷✳ ❇❆❙❊❙ ❚❊Ó❘■❈❆❙ ❨ ▼❆❘❈❖ ❚❊Ó❘■❈❖ ✸✵
Sn =
∑n
i=1
Xi ❝♦♥ n ∈ N✱ q✉❡ s❛t✐s❢❛❝❡✿
(i)E
[
Xn
]
= 0 , n ∈ N
(ii)E
[
X2n
]
<∞ , n ∈ N
(iii) l´ım
n−→∞
E
[
S2n
]
n
= σ2 , σ > 0
(iv) l´ım supE
1/β
∣∣Xn∣∣β <∞ , β ∈ (2,∞]
(v)
∑
i∈N
α(i)1−γ <∞ , γ = 2/β
❨ s❡ ❞❡✜♥❡ ❧❛ ❢✉♥❝✐ó♥ ❛❧❡❛t♦r✐❛ Wn : Ω −→ D ❝♦♠♦✿ Wn(t) = S[nt]/σ√n , t ∈ [0, 1]✳
❊♥t♦♥❝❡s✿
Wn(t) =
S[nt]
σ
√
n
d−−−−→ W (t) ✭✷✳✹✳✸✮
❙✐❡♥❞♦ W (t) ✉♥ ♣r♦❝❡s♦ ❞❡ ❲✐❡♥❡r st❛♥❞❛r✻✾✳
❈♦r♦❧❛r✐♦ ✷✳✹✳✶✳ ❙✐ t = 1 ❡♥t♦♥❝❡s Wn(1) = Sn/σ
√
n
d−−−−→ W (1) = N (0, 1)✼✵✳
Pr♦♣♦s✐❝✐ó♥ ✷✳✹✳✸✳ ❙❡ ❝✉♠♣❧❡ q✉❡
∫ 1
0
sdW (s) ∼ N (0, 1/3)✼✶✳
✻✾▲❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ t❡♦r❡♠❛ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❍❡rr❞♦r❢ ✭✶✾✽✹✮✱ ❝♦❧♦r❛r✐♦ ✶✱ ♣ ✲✶✹✷✮
✼✵❱é❛s❡ ❍❛ss❧❡r ✭✷✶✵✻✮✱ ♣✲✸✵✼✳
✼✶❱é❛s❡ ■❜✐❞ ♣✲✷✵✸✱ ♣❛r❛ ✉♥❞❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ r❡s✉❧t❛❞♦
❈❛♣ít✉❧♦ ✸
❘❡❣r❡s✐♦♥ ▲✐♥❡❛❧ ▼ú❧t✐♣❧❡
✸✳✶✳ ▼♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥ ❧✐♥❡❛❧
❯♥❛ r❡❣r❡s✐ó♥✶ ❡s ✉♥ ♠ét♦❞♦ ❡st❛❞íst✐❝♦ ❝✉②♦ ♣r♦♣ós✐t♦ ❡s ❞❡t❡r♠✐♥❛r s✐ ❡①✐st❡♥
r❡❧❛❝✐♦♥❡s ❡♥tr❡ ❧❛ ✈❛r✐❛❜❧❡ ❞❡♣❡♥❞✐❡♥t❡ ② ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s✱ ② ❛❧ ♠✐s♠♦ t✐❡♠✲
♣♦ ❝✉❛♥t✐✜❝❛r ❡❧ ✐♠♣❛❝t♦ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❡①♣❧✐❝❛t✐✈❛s s♦❜r❡ ❧❛ ✈❛r✐❛❜❧❡ ❡①♣❧✐❝❛❞❛✳
❚❛❧ r❡❧❛❝✐ó♥ t♦♠❛ ❧❛ ❢♦r♠❛ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❧✐♥❡❛❧ ❝♦♥ ✉♥ tér♠✐♥♦ ❞❡ ❡rr♦r ❛❞✐t✐✈♦✳
❯♥❛ r❡❣r❡s✐ó♥ ❡s ❧✐♥❡❛❧ ❡♥ ❧♦s ♣❛rá♠❡tr♦s ✭② ❞❡ ❛❤♦r❛ ❡♥ ❛❞❡❧❛♥t❡✿ r❡❣r❡ss✐ó♥ ❧✐♥❡❛❧✮
❝✉❛♥❞♦ ❧♦s ♣❛r❛♠❡tr♦s t✐❡♥❡♥ ❢♦r♠❛s ❢✉♥❝✐♦♥❛❧❡s ❧✐♥❡❛❧❡s ② ❡s ♠ú❧t✐♣❧❡ ❝✉❛♥❞♦ ❡①✐s✲
t❡ ♠ás ❞❡ ✉♥❛ ✈❛r✐❛❜❧❡ ❡①♣❧✐❝❛t✐✈❛ ② ✉♥❛ s♦❧❛ ✈❛r✐❛❜❧❡ ❡①♣❧✐❝❛❞❛ ✭q✉❡ ❝♦♥tr❛st❛ ❝♦♥
❧❛s r❡❣r❡s✐♦♥❡s ♠✉❧t✐✈❛r✐❛❞❛s ❞♦♥❞❡ ❡①✐st❡♥ ✈❛r✐❛s ✈❛r✐❛❜❧❡s ❞❡♣❡♥❞✐❡♥t❡s ② ✈❛r✐❛s
✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s✮✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛ ✉♥❛ r❡❣r❡s✐ó♥ ❧✐♥❡❛❧ ♠✉❧t✐♣❧❡✷ s❡ ♣✉❡❞❡
❡①♣r❡s❛r ❝♦♠♦✿
Y1 = β1X11 + β2X12 + · · ·+ βkX1k + ε1
Y2 = β1X21 + β2X22 + · · ·+ βkX2k + ε2
✳✳✳ =
✳✳✳ +
✳✳✳ + · · · + ✳ ✳ ✳ + ✳✳✳
YT = β1XT1 + β2XT2 + · · ·+ βkXTk + εT
✶t❛♠❜✐é♥ ❧❧❛♠❛❞♦ ♠♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥ ♦ ❛♥❛❧✐s✐s ❞❡ r❡❣r❡s✐♦♥
✷❯♥❛ ❡①❝❡❧❡♥t❡ ✐♥tr♦❞✉❝❝✐ó♥ ❛ ❧♦s ♠♦❞❡❧♦s ❞❡ r❡❣r❡s✐ó♥ ❧✐♥❡❛❧ s❡ ♣✉❡❞❡ ❡♥❝♦♥tr❛r ❡♥ ❙❡❜❡r ② ▲❡❡
✭✷✵✵✸✮✳
✸✶
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❖ ❡♥ ❢♦r♠❛ ✈❡❝t♦r✐❛❧ ❝♦♠♦✿
yt = x
′
tβ + εt (t = 1, 2, . . . , T )
❨ ❡♥ ❢♦r♠❛ ♠❛tr✐❝✐❛❧✿

Y1
Y2
✳✳✳
YT

=

X11 X12 · · · X1k
X21 X22 · · · X2k
✳✳✳
✳✳✳
✳ ✳ ✳
✳✳✳
XT1 XT2 · · · XTk


β1
β2
✳✳✳
βk

+

ε1
ε2
✳✳✳
εT

✭✸✳✶✳✶✮
❨ r❡❡s❝r✐❜✐rs❡ ❝♦♠♦✿
y = X′β + ε ✭✸✳✶✳✷✮
❉♦♥❞❡ y ❡s ✉♥ ✈❡❝t♦r ❞❡ ♦❜s❡r✈❛❝✐♦♥❡s ❞❡ ♦r❞❡♥ T × 1✱ X ❡s ✉♥❛ ♠❛tr✐① ♦r❞❡♥
T × k ❝♦♥♦❝✐❞❛ ❝♦♠♦ ♠❛tr✐③ ❞❡ ♦❜s❡r✈❛❝✐♦♥❡s✱β ❡s ✉♥ ✈❡❝t♦r ✜❧❛ ❞❡ ♦r❞❡♥ T × 1
q✉❡ ❝♦♥t✐❡♥❡ k ♣❛r❛♠❡tr♦s ♣♦❜❧❛❝✐♦♥❛❧❡s ❞❡s❝♦♥♦❝✐❞♦s ② ε ❡s ✉♥ ✈❡❝t♦r ✜❧❛ ❞❡ ♦r❞❡♥
T × 1 q✉❡ ❝♦♥t✐❡♥❡ T ♣❡rt✉r❜❛❝✐♦♥❡s✳
✸✳✷✳ ▼ét♦❞♦ ❞❡ ❧♦s ▼❈❖ ❡♥ r❡❣r❡s✐♦♥❡s ❧✐♥❡❛❧❡s✳
❊❧ ♠ét♦❞♦ ❞❡ ❧♦s ▼í♥✐♠♦s ❈✉❛❞r❛❞♦s ❖r❞✐♥❛r✐♦s ✭▼❈❖✮ ❡s ✉♥ ♠ét♦❞♦ ❞❡ ♦♣✲
t✐♠✐③❛❝✐ó♥ ♠❛t❡♠át✐❝♦✱ ❜❛s❛❞♦ ❡♥ ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ ♠✐♥✐♠♦s ❝✉❛❞r❛❞♦s✱ q✉❡ s❡ ✉s❛
♣❛r❛ ❤❛❧❧❛r ❧❛ ♠❡❥♦r ❛♣r♦①✐♠❛❝✐ó♥ ❛ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ✉♥ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s✳ ❊♥
❡st❛❞✐st✐❝❛ ❡❧ ♠ét♦❞♦ ▼❈❖ ❡s ✉♥♦ ❞❡ ✈❛r✐♦s ♠ét♦❞♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ ❤❛❧❧❛r ❧♦s ❡s✲
t✐♠❛❞♦r❡s ❡♥ ✉♥ ♠♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥✳✸ ❊♥ ❡❧ ❝❛s♦ ❞❡ ✉♥❛ r❡❣r❡s✐♦♥ ❧✐♥❡❛❧ ❡❧ ♠ét♦❞♦
▼❈❖ ♠✐♥✐♠✐③❛ ❧❛ s✉♠❛ ❞❡ ❧♦s ❝✉❛❞r❛❞♦s ❞❡ ❧♦s r❡s✐❞✉♦s✱ q✉❡ s❡ ❞❡✜♥❡♥ ❝♦♠♦✿
et = yt − yˆt = yt − x′tβ˜
✸❖tr♦s ♠ét♦❞♦s s♦♥✿ ▼ét♦❞♦ ❞❡ ▼á①✐♠❛ ❱❡r♦s✐♠✐❧✐t✉❞✱ ▼ét♦❞♦ ●❡♥❡r❛❧ ❞❡ ❧♦s ▼♦♠❡♥t♦s✱
▼ét♦❞♦ ❇❛②❡s✐❛♥♦✱ ❡t❝✳ ❱é❛s❡ ●♦❧❜❡r❣ ② ❈❤♦ ✭✷✵✵✸✮ ♣❛r❛ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ést♦s ♠ét♦❞♦s ❡♥ ❡❧
♠♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥ ❧✐♥❡❛❧✳
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❈♦♥ β˜ ✉♥ ✈❛❧♦r ❤✐♣♦tét✐❝♦ ❞❡ β
❊❧ tér♠✐♥♦ et ❡s ❡❧ r❡s✐❞✉♦ ❞❡ ❧❛ ♦❜s❡r✈❛❝✐ó♥ i✱ q✉❡ s❡ ❡①♣r❡s❛ ❝♦♠♦ ❧❛ ❞✐❢❡r❡♥❝✐❛
❡♥tr❡ ❡❧ ✈❛❧♦r ❛❝t✉❛❧ ❞❡ yt ② ❡❧ ✈❛❧♦r ❞❡ Yt ♣r❡❞✐❝❤♦ q✉❡ s❡ ♦❜t✐❡♥❡ ❛❧ r❡❡♠♣❧❛③❛r β˜
♣♦r β ✱ ❡♥ x′
t
β✳ ❉❡ ♠♦❞♦ q✉❡ ❧❛ ❡①♣r❡s✐ó♥✿
T∑
i=1
e2i =
T∑
i=1
(
yt−x
′
t
β˜
)2
= e′e =
(
y −X′β˜)′(y −X′β˜)
❊s ❧❛ s✉♠❛ ❞❡ ❧♦s ❝✉❛❞r❛❞♦s ❞❡ ❧♦s r❡s✐❞✉♦s ✭❙❈❘✮✱ ❞❡ ❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r s❡
❞❡s♣r❡♥❞❡ q✉❡ ❧❛ ❙❈❘ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ β˜ ♣♦rq✉❡ ❧♦s r❡s✐❞✉♦s ❞❡ ❝❛❞❛ ♦❜s❡r✈❛❝✐ó♥
❞❡♣❡♥❞❡♥ ❞❡ β˜✳ ❊♥t♦♥❝❡s ❡❧ ❡st✐♠❛❞♦r ▼❈❖ ❜ ❞❡ β✱ ❡s ❡❧ q✉❡ ♠✐♥✐♠✐③❛ ❧❛ s✐❣✉✐❡♥t❡
❢✉♥❝✐ó♥✿
b ≡ argmı´n
β˜
SSR
(
β˜
)
=
(
y −X′β˜)′(y −X′β˜)
❨ ♠❡❞✐❛♥t❡ ♠❛♥✐♣✉❧❛❝✐♦♥❡s ❛❧❣❡❜r❛✐❝❛s✹s❡ ♦❜t✐❡♥❡ q✉❡✺ ✿
b =
[
X′X
]−1X‘y ✭✸✳✷✳✶✮
❆ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦ s❡❛ yt = α+ β1xt + εt ❡❧ ♠♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥ ❝♦♥ ✐♥t❡r❝❡♣t♦
② ✉♥❛ ✈❛r✐❛❜❧❡ ✐♥❞❡♣❡♥❞✐❡♥t❡ xt✱ ❡♥t♦♥❝❡s ❡❧ ✈❡❝t♦r ❞❡ ❡st✐♠❛❞♦r❡s ❜ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥
✭✸✳✷✳✶✮ t♦♠❛ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛✿
 αˆ
βˆ1
 =

 1 1 . . . 1
x1 x2 . . . xT
×

1 x1
1 x2
✳✳✳
✳✳✳
1 xT


−1 
 1 1 . . . 1
x1 x2 . . . xT
×

y1
y2
✳✳✳
yT


② q✉❡❞❛ ❝♦♠♦✿
✹❊❧ ú♥✐❝♦ s✉♣✉❡st♦ ♥❡❝❡s❛r✐♦ ♣❛r❛ ❤❛❧❧❛r ❡❧ ✈❡❝t♦r ❞❡ ❡st✐♠❛❞♦r❡s ❜ ❡s q✉❡ ❧❛ ♠❛tr✐③ X s❡❛ ❞❡
r❛♥❣♦ ❝♦♠♣❧❡t♦✱ ❧♦ ❝✉❛❧ ♣❡r♠✐t❡ q✉❡
(
X
′
X
)
−1
s❡❛ ✐♥✈❡rt✐❜❧❡✳
✺❯♥❛ ❝♦♠♣❧❡t❛ ❡①♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛ ❞❡r✐✈❛❝✐ó♥ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♣r❡s❡♥t❛❞♦s ❡♥ ❡st❛ s❡❝❝✐ó♥ s❡
♣✉❡❞❡ ♦❜t❡♥❡r ❡♥ ●r❡❡♥❡ ✭✷✵✶✷✮ ♣✲✷✻✳
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 αˆ
βˆ1
 =

T
T∑
t=1
xt
T∑
t=1
xt
T∑
t=1
x2t

−1 
T∑
t=1
yt
T∑
t=1
xtyt
 ✭✸✳✷✳✷✮
❉❡ ♠❛♥❡r❛ ❛❧t❡r♥❛t✐✈❛ s❡ ♣✉❡❞❡ ❤❛❧❧❛r ❡❧ ✈❡❝t♦r ❞❡ ❡st✐♠❛❞♦r❡s (b − β) ♣❛r❛ ❡❧
♠♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥✳ ❊❧ ♣✉♥t♦ ❞❡ ♣❛rt✐❞❛ ❡s ❧❛ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✳✶✮✱ t❛❧ q✉❡✿
b =
[
X′X
]−1X‘y
b =
[
X′X
]−1X‘[X′β + ε], dado que y = X′β + ε
b = β +
[
X′X
]−1X‘ε
b− β = [X′X]−1X‘ε
❉❡ ♠♦❞♦ q✉❡✿
(b− β) = [X′X]−1X‘ε ✭✸✳✷✳✸✮
❨ ❛❧t❡r♥❛t✐✈❛♠❡♥t❡✿
(b− β) =
[
T∑
i=1
xix
′
i
]−1[ T∑
i=1
xiεi
]
✭✸✳✷✳✹✮
❈✉❛♥❞♦ yt = α + β1xt + εt✱ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✳✸✮s❡ ❡①♣r❡s❛ ❝♦♠♦✿
 αˆ− α
βˆ1 − β1
 =

T
T∑
t=1
xt
T∑
t=1
xt
T∑
t=1
x2t

−1
×

T∑
t=1
εt
T∑
t=1
xtεt
 ✭✸✳✷✳✺✮
❊♥ ❡st❡ ♣✉♥t♦ t✐❡♥❡ q✉❡ q✉❡❞❛r ❝❧❛r♦ q✉❡ ❡❧ ♠ét♦❞♦ ▼❈❖ ❤❛❧❧❛ ❡❧ ❡st✐♠❛❞♦r ❜ ❞❡❧
✈❡❝t♦r ❞❡ ♣❛r❛♠❡tr♦s β ❡♥ ❧❛ r❡❣r❡s✐ó♥ ✭✸✳✶✳✷✮✱ s✐♥ ❡♠❜❛r❣♦ ♥♦ ❞❡t❡r♠✐♥❛ ♥✐♥❣✉♥❛ ❞❡
❧❛s ♣r♦♣✐❡❞❛❞❡s ❡st❛❞íst✐❝❛s q✉❡ ♣✉❡❞❛ t❡♥❡r ❜✳ ▲♦s ❡st✐♠❛❞♦r❡s ▼❈❖✱ ❛❧ ✐❣✉❛❧ q✉❡
❝✉❛❧q✉✐❡r ❡st✐♠❛❞♦r ❞❡ ✉♥ ♣❛rá♠❡tr♦ ♣♦❜❧❛❝✐♦♥❛❧✱ ❞❡❜❡♥ ❝✉♠♣❧✐r ❝✐❡rt❛s ♣r♦♣✐❡❞❛❞❡s
❡st❛❞✐st✐❝❛s ♣❛r❛ s❡r ♣r❡❢❡r✐❞♦s s♦❜r❡ ♦tr♦s ❡st✐♠❛❞♦r❡s✳ ❊st❛s ♣r♦♣✐❡❞❛❞❡s✱ ❝♦♥♦❝✐❞❛s
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❝♦♠♦ ♣r♦♣✐❡❞❛❞❡s ❞❡s❡❛❜❧❡s ❞❡ ✉♥ ❡st✐♠❛❞♦r✱ s♦♥✿ ✐♥s❡s❣❛❞❡③✱ ❡✜❝✐❡♥❝✐❛✱ ❝♦♥s✐st❡♥❝✐❛
② ♥♦r♠❛❧✐❞❛❞ ❛s✐♥tót✐❝❛✳
✸✳✸✳ Pr♦♣✐❡❞❛❞❡s ❡st❛❞íst✐❝❛s ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s ▼❈❖
❡♥ r❡❣r❡s✐♦♥❡s ❧✐♥❡❛❧❡s ♠ú❧t✐♣❧❡s✳
▲❛s ♣r♦♣✐❡❞❛❞❡s ❡st❛❞íst✐❝❛s ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s ▼❈❖ ❡♥ r❡❣r❡s✐♦♥❡s ❧✐♥❡❛❧❡s ✈❛♥ ❛
❞❡♣❡♥❞❡r ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❞❡ ✸ ❛s♣❡❝t♦s✿ Pr✐♠❡r♦✱ ❡❧ t✐♣♦ ❞❡ ♠♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥ ❧✐♥❡❛❧
❜❛❥♦ ❝♦♥s✐❞❡r❛❝✐ó♥✱ ❧♦ q✉❡ s✐❣♥✐✜❝❛ s✐ ✉♥❛ r❡❣r❡s✐ó♥ ❝♦♥t✐❡♥❡ ✈❛r✐❛❜❧❡s ❞✐♥á♠✐❝❛s✱
❡stát✐❝❛s ♦ ✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ❛♠❜❛s✳ ❙❡❣✉♥❞♦✱ ❧❛ ♥❛t✉r❛❧❡③❛ ❞❡ ❧❛ ♠❛tr✐③ ❞❡ ❞❛t♦s
❳✱ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ q✉❡ s✐ ❧❛s ♦❜s❡r✈❛❝✐♦♥❡s ♣r♦✈✐❡♥❡♥ ❞❡ ✈❛r✐❛❜❧❡s ❡st♦❝ást✐❝❛s ♦
❞❡t❡r♠✐♥íst✐❝❛s✱ ② ❛❧ ♠✐s♠♦ t✐❡♠♣♦ s✐ s♦♥ ♦❜s❡r✈❛❝✐♦♥❡s ❞❡ ❝♦rt❡ tr❛♥s✈❡rs❛❧✱ s❡r✐❡s
t❡♠♣♦r❛❧❡s ♦ ❞❛t♦s ❞❡ ♣❛♥❡❧✳ ❚❡r❝❡r♦✱ ❧❛ r❡❧❛❝✐ó♥ ❝♦♥❥✉♥t❛ ❡♥tr❡ ❧❛s ✈❛r✐❛❜❧❡s ❡♥ ❳
❝♦♥ ❧❛s ♣❡rt✉❜❛❝✐♦♥❡s ε✱ ❞❡ ♠♦❞♦ q✉❡ s❡ ♣✉❡❞❛ ❛s✉♠✐r q✉❡ s♦♥ ✐♥❞❡♣❡♥❞✐❡♥t❡s✱ ♥♦
❝♦rr❡❧❛❝✐♦♥❛❞❛s ♦ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ♠♦♠❡♥t♦s ❝♦♥❥✉♥t♦s ✐❣✉❛❧ ❛ ✵✱ ❡♥tr❡ ♦tr♦s✳
▲❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s ▼❈❖ s❡ ♣✉❡❞❡♥ ❞✐✈✐❞✐r ❡♥ ❞♦s ❣r✉♣♦s✿ ♣r♦✲
♣✐❡❞❛❞❡s ❡♥ ♠✉❡str❛ ♣❡q✉❡ñ❛✱ q✉❡ s♦♥✿ ✐♥s❡s❣❛❞❡③ ② ❡✜❝✐❡♥❝✐❛❀ ② ❧❛s ♣r♦♣✐❡❞❛❞❡s
❡♥ ♠✉❡str❛ ❣r❛♥❞❡✿ ❝♦♥s✐st❡♥❝✐❛ ② ♥♦r♠❛❧✐❞❛❞ ❛s✐♥tót✐❝❛✳ ❘❡s✉❧t❛ ❝❧❛r♦ ❞❡❧ ♣árr❛✲
❢♦ ❛♥t❡r✐♦r q✉❡ ❞❡♣❡♥❞✐❡♥❞♦ ❞❡ ❝ó♠♦ s❡ ❡s♣❡❝✐✜q✉❡♥ ❧♦s ✸ ❛s♣❡❝t♦s ♠❡♥❝✐♦♥❛❞♦s✱
❧♦s ❡st✐♠❛❞♦r❡s ▼❈❖✱ ❜ ❞❡ β ✱ ❡♥ ✉♥❛ r❡❣r❡s✐ó♥✱ ♣✉❡❞❡♥ t❡♥❡r t♦❞❛s ❧❛s ♣r♦♣✐❡❞❛✲
❞❡s ❞❡s❡❛❜❧❡s ❝♦♠♦ ♥♦ ♣✉❡❞❡♥ t❡♥❡r ♥✐♥❣✉♥❛✱ ♦ ❛❧❣✉♥❛s ❞❡ ❡❧❧❛s✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡
❡♥✉♠❡r❛♥ ✉♥ ♣❛r ❞❡ r❡s✉❧t❛❞♦s ❛ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦✳
Pr♦♣♦s✐❝✐ó♥ ✸✳✸✳✶✳ Pr♦♣✐❡❞❛❞❡s ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s ▼❈❖ ❝♦♥ r❡❣r❡s♦r❡s ✜❥♦s✳ ❙❡❛
b =
(
X′X
)−1
X‘y ❡❧ ❡st✐♠❛❞♦r ▼❈❖ ❞❡ β ✱ ❡♥t♦♥❝❡s ❜❛❥♦ ❧♦s s✐❣✉✐❡♥t❡s s✉♣✉❡st♦s✿
(i)E
[
Y
]
= Xβ✱ (ii) XT×k ✉♥❛ ♠❛tr✐③ ❞❡ r❡❣r❡s♦r❡s ✜❥♦s ❝♦♥ r❛♥❣♦ k✱ (iii) ε ∼ i.i.d
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❝♦♥ E
[
ε
]
= 0 ② Cov
[
ε
]
= σ2I ✱ (iv) l´ımn→∞
(
T−1X′X
)
= Q✱ s❡ ❝♦♠♣r✉❡❜❛✻ q✉❡✿
(i) E
[
b
]
= β insesgadez
(ii) V ar
[
b
] ≤ V ar[b′] eficiencia
(iii) plimb = β consistencia
(iii)
√
T (b− β) d−−−−→ N(0, σ2Q−1)normalidad asinto´tica
Pr♦♣♦s✐❝✐ó♥ ✸✳✸✳✷✳ Pr♦♣✐❡❞❛❞❡s ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s ▼❈❖ ❝♦♥ r❡❣r❡s♦r❡s ♣r❡❞❡t❡r✲
♠✐♥❛❞♦s✳ ❙❡❛ b =
(
X′X
)−1
X‘y ❡❧ ❡st✐♠❛❞♦r ▼❈❖ ❞❡ β ✱ ❡♥t♦♥❝❡s ❜❛❥♦ ❧♦s s✐❣✉✐❡♥✲
t❡s s✉♣✉❡st♦s✿ (i)
{
yt,xt
}
❡s ✉♥ ♣r♦❝❡s♦ ❡st♦❝ást✐❝♦ ❝♦♥❥✉♥t❛♠❡♥t❡ ❡st❛❝✐♦♥❛r✐♦ ②
❡r❣ó❞✐❝♦✱ (ii) xt ❡s ✉♥ ✈❡❝t♦r ❞❡ r❡❣r❡s♦r❡s ♣r❡❞❡t❡r♠✐♥❛❞♦s✱ ❡st♦ ❡s✿ E
[
xt ·
(
yt −
x
′
tβ
)]
= 0 ✳ (ii)E
[
xtx
′
t
]
❡s ✉♥❛ ♠❛tr✐③ ✜♥✐t❛ ② ♥♦ s✐♥❣✉❧❛r ❞❡ ♦r❞❡♥ k×k✳ ❊♥t♦♥❝❡s✿
plimb = β✼✳
❙❡ ❡✈✐❞❡♥❝✐❛ q✉❡ ❜❛❥♦ ❧♦s s✉♣✉❡st♦s ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✸✳✸✳✶✱ ❡❧ ❡st✐♠❛❞♦r ▼❈❖
❜ t✐❡♥❡ t♦❞❛s ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡s❡❛❜❧❡s ❞❡ ✉♥ ❡st✐♠❛❞♦r✱ ♠✐❡♥tr❛s q✉❡ ❡❧ ♠✐s♠♦
❡st✐♠❛❞♦r ❜✱ ❜❛❥♦ ❧♦s s✉♣✉❡st♦s ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✸✳✸✳✷✱ s♦❧❛♠❡♥t❡ ❡s ❝♦♥s✐st❡♥t❡✳
❊st❛ ❞✐❢❡r❡♥❝✐❛ ❡s ✐♠♣♦rt❛♥t❡ ❞❛❞♦ q✉❡ ❡♥ ✉♥ ❝♦♥t❡①t♦ ❞❡ s❡r✐❡s t❡♠♣♦r❛❧❡s✱ ♥♦ s❡
♣✉❡❞❡ ❛s✉♠✐r q✉❡ ❧❛s ♦❜s❡r✈❛❝✐♦♥❡s s♦♥ ❞❡t❡r♠✐♥íst✐❝❛s s✐♥♦ q✉❡ s♦♥ r❡❛❧✐③❛❝✐♦♥❡s
❞❡ ♣r♦❝❡s♦s ❡st♦❝ást✐❝♦s✱ ❝♦♠♦ ❡❧ ❡s♣❡❝✐✜❝❛❞♦ ❡♥ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✸✳✸✳✷✳ ❊♥ ❣❡♥❡r❛❧✱
❝✉❛♥❞♦ ❧♦s r❡❣r❡s♦r❡s s♦♥ ✈❛r✐❛❜❧❡s q✉❡ s✐❣✉❡♥ ♣r♦❝❡s♦s ❞❡♣❡♥❞✐❡♥t❡s ❡❧ ❡st✐♠❛❞♦r
❜ ❞❡ β✱ ✈❛ ❛ s❡r s❡s❣❛❞♦ ❡ ✐♥❡✜❝✐❡♥t❡ ❞❡❜✐❞♦ ❛ ❧❛ r❡❧❛❝✐ó♥ ❞❡ ❞❡♣❡♥❞❡♥❝✐❛ ❡♥tr❡ ❧❛s
♦❜s❡r✈❛❝✐♦♥❡s ❡♥ ❞✐st✐♥t♦s ♣❡rí♦❞♦s ❞❡ ♠♦❞♦ q✉❡ ❧❛s ú♥✐❝❛s ♣r♦♣✐❡❞❛❞❡s ❞❡s❡❛❜❧❡s
❞❡ ❜ q✉❡ s❡ ♣✉❡❞❡♥ ♦❜t❡♥❡r s♦♥ ❧❛s ❞❡ ♠✉❡str❛ ❧❛r❣❛✳
✻♣❛r❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ t❡♦r❡♠❛ ❜❛❥♦ ❡st♦s s✉♣✉❡st♦s ② ♦tr♦s s✐♠✐❧❛r❡s ✈❡r ▼✐tt❡❧❤❛♠♠❡r
✭✷✵✶✸✮✱ ❝❛♣✳ ✽
✼▲❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ r❡s✉❧t❛❞♦ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❍❛②❛s❤✐ ✭✷✵✵✵✮✱ ♣✲✶✶✹✳
❈❆P❮❚❯▲❖ ✸✳ ❘❊●❘❊❙■❖◆ ▲■◆❊❆▲ ▼Ú▲❚■P▲❊ ✸✼
✸✳✹✳ ■♥❢❡r❡♥❝✐❛ ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥ ❧✐♥❡❛❧
❇❛❥♦ ❧♦s s✉♣✉❡st♦s ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✭✸✳✸✳✶✮✱ ❡♥ ❡s♣❡❝✐❛❧ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❧♦s
❡st✐♠❛❞♦r❡s βˆj✱ s❡ ♣✉❡❞❡♥ ❡st❛❜❧❡❝❡r ❧♦s s✐❣✉✐❡♥t❡s r❡s✉❧t❛❞♦s ✐♥❢❡r❡♥❝✐❛❧❡s ❡♥ ❡❧
♠♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥ ❧✐♥❡❛❧✿
Pr♦♣♦s✐❝✐ó♥ ✸✳✹✳✶✳ Pr✉❡❜❛ t ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥✳ ▲❛ ♣r✉❡❜❛ ❞❡ s✐❣♥✐✜❝❛♥❝✐❛
✐♥❞✐✈✐❞✉❛❧ ♣❛r❛ ❧♦s ❡st✐♠❛❞♦r❡s βˆj s❡ r❡❛❧✐③❛ ❛❧ ❝♦♥tr❛st❛r ❧❛ ❤✐♣ót❡s✐s ♥✉❧❛ H0 : βj =
β0j ✈❡rs✉s ❧❛ ❤✐♣ót❡s✐s ❛❧t❡r♥❛t✐✈❛ HA : βj 6= β0j s❡ r❡❛❧✐③❛ ♠❡❞✐❛♥t❡ ❡❧ ❡st❛❞íst✐❝♦✿
tj =
βˆj − β0j
se
(
βˆj
)
② s✐❣✉❡ ✉♥❛ ❞✐str✐❜✉❝✐ó♥ t ∼(n−k−1,α/2)❝♦♥ n − k − 1 ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ ② α ❡s ❡❧
♥✐✈❡❧ ❞❡ ❝♦♥✜❛♥③❛✽ ✳
Pr♦♣♦s✐❝✐ó♥ ✸✳✹✳✷✳ Pr✉❡❜❛ ❋ ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥✳ ▲❛ ♣r✉❡❜❛ ❞❡ s✐❣♥✐✜❝❛♥❝✐❛
❝♦♥❥✉♥t❛ ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s βˆj s❡ r❡❛❧✐③❛ ❛❧ ❝♦♥tr❛st❛r ❧❛ ❤✐♣♦t❡s✐s ♥✉❧❛ H0 : β1 =
β2 = β3 = . . . βk = 0 ✈❡rs✉s ❧❛ ❤✐♣ót❡s✐s ❛❧t❡r♥❛t✐✈❛ ✉s❛♥❞♦ ❡❧ ❡st❛❞íst✐❝♦✿
F =
R2k/k
(1−R2k) /n− k − 1
❞♦♥❞❡ R2k ❡s ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝♦rr❡❧❛❝✐ó♥ ♠✉❡str❛❧ ♠ú❧t✐♣❧❡ ❞❡❧ ♠♦❞❡❧♦ ❞❡ r❡❣r❡✲
s✐ó♥ ❝♦♥ k r❡❣r❡s♦r❡s✳ ❨ ❡st❛❞íst✐❝♦ F s✐❣✉❡ ✉♥❛ ❞✐str✐❜✉❝✐ó♥ F ∼ Fk,k−n−1,α ❝♦♥ k
② n− k − 1 ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ ② α ❡s ❡❧ ♥✐✈❡❧ ❞❡ ❝♦♥✜❛♥③❛✾✳
Pr♦♣♦s✐❝✐ó♥ ✸✳✹✳✸✳ ❊❧ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥③❛ ❞❡❧ ❡st✐♠❛❞♦r βˆj ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡
r❡❣r❡s✐ó♥ ❧✐♥❡❛❧ ❡s βˆj ± t ∼(n−k−1,α/2) ×se
(
βˆj
)
✶✵✳
◗✉❡❞❛ ❡♥ r❡❧❡✈❛♥❝✐❛ q✉❡ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s βˆj ✐♥✢✉②❡♥ ❞❡ ♠❛♥❡r❛
❞❡t❡r♠✐♥❛♥t❡ ❡♥ ❧♦s t❡sts ❡st❛❞íst✐❝♦s ② s♦♥ ❝r✉❝✐❛❧ ❛ ❧❛ ❤♦r❛ ❞❡ r❡❛❧✐③❛r ✐♥❢❡r❡♥❝✐❛s
❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥ ❧✐♥❡❛❧ ② ❡st❛❜❧❡❝❡r ❝♦♥❝❧✉s✐♦♥❡s ❡st❛❞íst✐❝❛s✳
✽❯♥❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ r❡s✉❧t❛❞♦ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❙❡♥ ② ❙r✐✈❛st❛✈❛ ✭✶✾✾✵✮ ✱❝❛♣ít✉❧♦ ✸✳
✾■❜✐❞
✶✵■❜✐❞
❈❛♣ít✉❧♦ ✹
Pr♦♣✐❡❞❛❞❡s ❛s✐♥tót✐❝❛s ❞❡ ❧♦s
❡st✐♠❛❞♦r❡s ▼❈❖ ❡♥ ✉♥❛ r❡❣r❡s✐ó♥
❝♦♥ t❡♥❞❡♥❝✐❛ ② ✈❛r✐❛❜❧❡s q✉❡ s✐❣✉❡♥
♣r♦❝❡s♦s ❞❡♣❡♥❞✐❡♥t❡s str♦♥❣ ♠✐①✐♥❣
❊♥ ❡st❛ ♣❛rt❡ s❡ ✈❛♥ ❛ ❞❡t❡r♠✐♥❛r ❧❛s ♣r♦♣✐❡❞❛❞❡s ❛s✐♥tót✐❝❛s ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s
▼❈❖ ❡♥ ✉♥❛ r❡❣r❡s✐ó♥ q✉❡ t✐❡♥❡ ❝♦♠♦ r❡❣r❡s♦r❡s ❛ ✈❛r✐❛❜❧❡s q✉❡ s✐❣✉❡♥ ♣r♦❝❡s♦s
❞❡♣❡♥❞✐❡♥t❡s α✲♠✐①✐♥❣✱ ✉♥ ❝♦♠♣♦♥❡♥t❡ t❡♥❞❡♥❝✐❛❧ ② ❡rr♦r❡s q✉❡ t❛♠❜✐é♥ s✐❣✉❡♥
♣r♦❝❡s♦s ❞❡♣❡♥❞✐❡♥t❡s α✲♠✐①✐♥❣✳ ❊❧ ♣r♦♣ós✐t♦ ❡s ❞❡t❡r♠✐♥❛r ❞❡ ♠❛♥❡r❛ t❡ór✐❝❛ s✐ ❧❛
❞✐str✐❜✉❝✐ó♥ ❞❡❧ ❡st✐♠❛❞♦r ❜ ❞❡ β ❡①✐st❡ ♦ ♥♦✱ ② ❡♥ ❝❛s♦ ❞❡ ❡①✐st✐r ❞❡t❡r♠✐♥❛r s✐ ❡s
✐❣✉❛❧ ❛ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s ❜ ❞❡ β ❝✉❛♥❞♦ ❧♦s r❡❣r❡s♦r❡s t✐❡♥❡♥ ♦tr❛s
♣r♦♣✐❡❞❛❞❡s ❡st❛❞íst✐✈❛s ② ♣r♦❜❛❜✐❧íst✐❝❛s✳
✹✳✶✳ ❉❡✜♥✐❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥
▲❛ ✈❛r✐❛❜❧❡ ❞❡♣❡♥❞✐❡♥t❡ yt s✐❣✉❡ ❡❧ s✐❣✉✐❡♥t❡ ♣r♦❝❡s♦ ❣❡♥❡r❛❞♦r ❞❡ ❞❛t♦s ✭❉✳●✳P✮✿
yt = α + δt+ βxt + εt para t = 1, 2 . . . , T ✭✹✳✶✳✶✮
✸✽
❈❆P❮❚❯▲❖ ✹✳ P❘❖P■❊❉❆❉❊❙ ❆❙■◆❚Ó❚■❈❆❙ ❉❊ ▲❖❙ ❊❙❚■▼❆❉❖❘❊❙▼❈❖ ✸✾
❉♦♥❞❡✿ α ❡s ✉♥ tér♠✐♥♦ ❝♦♥st❛♥t❡✱ t ❡s ✉♥ ❝♦♠♣♦♥❡♥t❡ t❡♥❞❡♥❝✐❛❧ ❞❡t❡r♠✐♥íst✐❝♦✱
xt ❡s ✉♥❛ ✈❛r✐❛❜❧❡ q✉❡ s✐❣✉❡ ✉♥ ♣r♦❝❡s♦ α✲♠✐①✐♥❣ ② εt s♦♥ ❧❛s ♣❡rt✉r❜❛❝✐♦♥❡s q✉❡
t❛♠❜✐é♥ s✐❣✉❡♥ ✉♥ ♣r♦❝❡s♦ α✲♠✐①✐♥❣✳ ❊st❛ ❡s♣❡❝✐✜❝❛❝✐♦♥ ✐♥❞✐❝❛ q✉❡ ❧❛ ✈❛r✐❛❜❧❡ yt
t✐❡♥❡ ✉♥ ❝♦♠♣♦♥❡♥t❡ t❡♥❞❡♥❝✐❛❧ ❛✉tó♥♦♠♦ ② ❛ ❧❛ ✈❡③ ❞❡♣❡♥❞❡ ♦tr❛ ✈❛r✐❛❜❧❡ xt✳ ❊❧
♠♦❞❡❧♦ q✉❡ s❡ ♣r❡s❡♥t❛ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✶✸✳✶✮ ❡s ❜❛st❛♥t❡ ❣❡♥❡r❛❧✱ ②❛ q✉❡ ❛❧ s❡❣✉✐r
xt ✉♥ ♣r♦❝❡s♦ α✲♠✐①✐♥❣ ♣❡r♠✐t❡ ✐♥❝♦r♣♦r❛r ✈❛r✐❛❜❧❡s ❡st❛❝✐♦♥❛r✐❛s ❝♦♠♦ ♥♦ ❡st❛❝✐♦✲
♥❛r✐❛s ② ❛sí ❝♦♠♦ ♣❡r♠✐t❡ ❤❡t❡r♦❣❡♥❡✐❞❛❞ ❡♥ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ❧❛s ♦❜s❡r✈❛❝✐♦♥❡s✳
❖tr❛s ❡s♣❡❝✐✜❝❛❝✐♦♥❡s ❞❡ xt ❝♦♠♦ ❧❛ ❞❡ ✉♥ ✉♥ ♣r♦❝❡s♦ ❡st❛❝✐♦♥❛r✐♦ ♦ ❞❡t❡r♠✐♥✐st✐✲
❝♦ q✉❡ ♥♦ ♣❡r♠✐t❡ ✐♥❝♦r♣♦r❛r ✈❛r✐❛❜❧❡s ♥♦ ❡st❛❝✐♦♥❛r✐❛s ② ❤❡t❡r♦❣❡♥❡❛s✳ ❆❧ ♠✐s♠♦
t✐❡♠♣♦✱ ❛❧ ❡s♣❡❝✐✜❝❛r q✉❡ ❧❛s ♣❡rt✉r❜❛❝✐♦♥❡s s✐❣✉❡♥ ♣r♦❝❡s♦s α✲♠✐①✐♥❣ s❡ ♣❡r♠✐t❡
t❛♠❜✐é♥ q✉❡ ❧❛s ♣❡rt✉r❜❛❝✐♦♥❡s ❡st❡♥ ❝♦rr❡❧❛❝✐♦♥❛❞❛s ② s❡❛♥ ❤❡t❡r♦❣❡♥❡❛s✳
✹✳✷✳ ❉❡r✐✈❛❝✐ó♥ ❞❡ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❛s✐♥tót✐❝❛
P❛r❛ ❤❛❧❧❛r ❧❛ ❞✐str✐❜✉❝✐ó♥ ❛s✐♥tót✐❝❛ ❞❡❧ ♠♦❞❡❧♦ ✭✹✳✶✳✶✮ s❡ ❛♣❧✐❝❛ ❡❧ ♠ét♦❞♦
▼✳❈✳❖ ♣❛r❛ ❤❛❧❧❛r ❡❧ ❡st✐♠❛❞♦r b✳ ❉❛❞♦ q✉❡ ❡❧ ♠♦❞❡❧♦ ✭✹✳✶✳✶✮ s❡ ♣✉❡❞❡ ❡①♣r❡✲
s❛r ❝♦♠♦ y = X′β + ε ❝♦♥ β′ =
[
α δ β
]
✱ ❡❧ ❡st✐♠❛❞♦r ❜ ❞❡ β t♦♠❛ ❧❛ ❢♦r♠❛ ❞❡ ❧❛
❡❝✉❛❝✐ó♥ ✭✸✳✷✳✶✮✿
b =
[
X′X
]−1X‘y
❨ ❞❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ ❝✉❛♥❞♦ yt = α + δt + βxt + εt ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✳✸✮ ♣❛r❛ ❡❧
✈❡❝t♦r (b− β) ❡s✿

αˆ− α
δˆ − δ
βˆ − β
 =

T
T∑
t=1
t
T∑
t=1
xt
T∑
t=1
t
T∑
t=1
t2
T∑
t=1
txt
T∑
t=1
xt
T∑
t=1
txt
T∑
t=1
x2t

−1 
T∑
t=1
εt
T∑
t=1
tεt
T∑
t=1
xtεt

✭✹✳✷✳✶✮
❆❤♦r❛ s❡ ♣r♦❝❡❞❡ ❛ ♣r❡✲♠✉❧t✐♣❧✐❝❛r ❛♠❜♦s ❧❛❞♦s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ♠❛tr✐❝✐❛❧ ✭✹✳✷✳✶✮
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♣♦r ❧❛ s✐❣✉✐❡♥t❡ ♠❛tr✐③ ❞❡ ❡s❝❛❧❛✶✿
ΓT =

√
T 0 0
0 T 3/2 0
0 0
√
T

❉❡ ♠♦❞♦ q✉❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✳✶✮q✉❡❞❛ ❝♦♠♦✿

√
T 0 0
0 T 3/2 0
0 0
√
T
×

αˆ− α
δˆ − δ
βˆ − β
 =

√
T 0 0
0 T 3/2 0
0 0
√
T
×

T
T∑
t=1
t
T∑
t=1
xt
T∑
t=1
t
T∑
t=1
t2
T∑
t=1
txt
T∑
t=1
xt
T∑
t=1
txt
T∑
t=1
x2t

−1 
T∑
t=1
εt
T∑
t=1
tεt
T∑
t=1
xtεt

❨ ❞❛❞♦ q✉❡ ΓTΓ
−1
T = I

√
T
(
αˆ− α)
T 3/2
(
δˆ − δ)
√
T
(
βˆ − β)
 =

√
T 0 0
0 T 3/2 0
0 0
√
T


T
T∑
t=1
t
T∑
t=1
xt
T∑
t=1
t
T∑
t=1
t2
T∑
t=1
txt
T∑
t=1
xt
T∑
t=1
txt
T∑
t=1
x2t

−1

√
T 0 0
0 T 3/2 0
0 0
√
T

×

√
T 0 0
0 T 3/2 0
0 0
√
T

−1

T∑
t=1
εt
T∑
t=1
tεt
T∑
t=1
xtεt

✶❙❡ ❤❛❝❡ ✉s♦ ❞❡ ♠❛tr✐❝❡s ❞❡ ❡s❝❛❧❛ ♣♦rq✉❡ ❧❛s ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s t✐❡♥❡♥ ❞✐❢❡r❡♥t❡s t❛s❛s
❞❡ ❝♦♥✈❡r❣❡♥❝✐❛ q✉❡ ✐♠♣❧✐❝❛ q✉❡ s✐ s❡ ✉s❛ ✉♥❛ ❡s❝❛❧❛ ú♥✐❝❛ ❛❧❣✉♥❛s ✈❛r✐❛❜❧❡s ❞✐✈❡r❣❡♥ ♦ ❝♦❧❛♣s❛♥✳
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
√
T
(
αˆ− α)
T 3/2
(
δˆ − δ)
√
T
(
βˆ − β)
 =


√
T 0 0
0 T 3/2 0
0 0
√
T

−1

T
T∑
t=1
t
T∑
t=1
xt
T∑
t=1
t
T∑
t=1
t2
T∑
t=1
txt
T∑
t=1
xt
T∑
t=1
txt
T∑
t=1
x2t


√
T 0 0
0 T 3/2 0
0 0
√
T

−1

−1
×


√
T 0 0
0 T 3/2 0
0 0
√
T

−1

T∑
t=1
εt
T∑
t=1
tεt
T∑
t=1
xtεt


❉❡ ♠♦❞♦ q✉❡✿

√
T
(
αˆ− α)
T 3/2
(
δˆ − δ)
√
T
(
βˆ − β)
 =

1
T∑
t=1
t
T 2
T∑
t=1
xt
T
T∑
t=1
t
T 2
T∑
t=1
t2
T 3
T∑
t=1
txt
T 2
T∑
t=1
xt
T
T∑
t=1
txt
T 2
T∑
t=1
x2t
T

−1 
T∑
t=1
εt
√
T
T∑
t=1
tεt
T 3/2
T∑
t=1
xtεt
√
T

✭✹✳✷✳✷✮
P❛r❛ ❤❛❧❧❛r ❧❛ ❞✐str✐❜✉❝✐ó♥ ❛s✐♥tót✐❝❛ s❡ ❛♣❧✐❝❛♥ ❧♦s s✐❣✉✐❡♥t❡s s✉♣✉❡st♦s✿
❙✉♣♦s✐❝✐ó♥ ✶✳ ❙❡❛ xt ✉♥ ♣r♦❝❡s♦ str♦♥❣ ♠✐①✐♥❣ ❝♦♥ ❝♦❡✜❝✐❡♥t❡ α ❞❡ t❛♠❛ñ♦ r/(r−
1), r > 1 ② µt ≡ E
[
Xt
]
✱ t❛❧ q✉❡ supXt ∈ {Xt} ② supE
∣∣Xt∣∣r+δ ≤ k <∞ , δ > 1 ∀ t
✳ ❨ q✉❡ µ¯T =
1
T
∑T
t=1E
[
Xt
]
❝♦♥ l´ım
T−→∞
µ¯T = µ✳
❙✉♣♦s✐❝✐ó♥ ✷✳ ❙❡❛ εt ✉♥ ♣r♦❝❡s♦ str♦♥❣ ♠✐①✐♥❣ ❝♦♥ ❝♦❡✜❝✐❡♥t❡ α ❞❡ t❛♠❛ñ♦ r/(r−
1), r > 1 ✱ t❛❧ q✉❡ E
[
εt
]
= 0 ∀t ✱ sup εt ∈ {ǫt} ② supE
∣∣εt∣∣r+δ ≤ k <∞ , δ > 0 ∀t
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② ❝♦♥ σ2ε = l´ım
T−→∞
E
[
1
T
S2ε
]
, σ2ε > 0
✷✳ ❨ q✉❡ ♣❛r❛ xt ② εt s❡ ❝✉♠♣❧❡✿ E
[
xtεt
]
= 0 ∀t
② σ2xε = l´ım
T−→∞
E
[
1
T
S2xε
]
, σ2xε > 0
✸✳
❉❛❞♦ ❧♦s s✉♣✉❡st♦s ✶ ② ✷ s❡ ♣r♦❝❡❞❡ ❛ ❞❡t❡r♠✐♥❛r ❧❛s ♣r♦♣✐❡❞❛❞❡s ❛s✐♥tót✐❝❛s ❞❡
❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ♠❛tr✐❝✐❛❧ ✭✹✳✷✳✷✮✳
❊❧ tér♠✐♥♦ ❞❡ ❧❛ ♣r✐♠❡r❛ ✜❧❛ ② ♣r✐♠❡r❛ ❝♦❧✉♠❛ ❞❡ ❧❛ ♣r✐♠❡r❛ ♠❛tr✐③ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥
✭✹✳✷✳✷✮ ❡s 1✱ t♦♠❛♥❞♦ ❧í♠✐t❡s s❡ t✐❡♥❡✿
l´ım
T−→∞
1 = 1
▼❡❞✐❛♥t❡ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✷✳✷✳✼ s❡ t✐❡♥❡ q✉❡✿
1
P−−−−→ 1 ✭✹✳✷✳✸✮
▼✐❡♥tr❛s q✉❡ ❡♥ ❧❛ ♣r✐♠❡r❛ ♠❛tr✐③ ❡❧ tér♠✐♥♦
∑T
t=1
t/T 2 ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✳✷✮ s❡
♣✉❡❞❡ ❡①♣r❡s❛r ❝♦♠♦✿∑T
t=1
t
T 2
=
1
T 2
×
[
T (T + 1)
2
]
=
1
2
+
1
(2T )
❨ t♦♠❛♥❞♦ ❧í♠✐t❡s✿
l´ım
T−→∞
∑Tt=1 t
T 2
 = l´ım
T−→∞
[
1
2
+
1
(2T )
]
=
1
2
P♦r ❛♣❧✐❝❛❝✐ó♥ ❞✐r❡❝t❛ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✷✳✷✳✼✿
∑T
t=1
t
T 2
P−−−−→ 1
2
✭✹✳✷✳✹✮
❉❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛
∑T
t=1
t2/T 3 s❡ ♣✉❡❞❡ ❡①♣r❡s❛r ❝♦♠♦✿
∑T
t=1
t2
T 3
=
1
T 3
×
[
T (T + 1)(2T + 1)
6
]
=
1
3
+
1
(2T )
+
1
6T 2
✷❙❡ ❞❡✜♥❡ S2ε =
∑T
t=1
varεt ② S
2
xε =
∑T
t=1
varxtεt✳
✸▲♦s tér♠✐♥♦s σ2ε ② σ
2
xε r❡❝✐❜❡♥ ❡❧ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛♥③❛ ❛ ❧❛r❣♦ ♣❧❛③♦✳
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❚♦♠❛♥❞♦ ❧í♠✐t❡s✿
l´ım
T−→∞
∑Tt=1 t2
T 3
 = l´ım
T−→∞
[
1
3
+
1
(2T )
+
1
6T 2
]
=
1
3
❆♣❧✐❝❛♥❞♦ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✷✳✷✳✼ ✿
∑T
t=1
t2
T 3
P−−−−→ 1
3
✭✹✳✷✳✺✮
▼❡❞✐❛♥t❡ ❧❛ s✉♣♦s✐❝✐ó♥ ✶✱ xt s✐❣✉❡ ✉♥ ♣r♦❝❡s♦ α✲ ♠✐①✐♥❣ ❝♦♥ ❝♦❡✜❝✐❡♥t❡ ♠✐①✐♥❣
r/(r − 1), r > 1 ② s❛t✐s❢❛❝❡ ❧♦s r❡q✉✐s✐t♦s ❞❡❧ t❡♦r❡♠❛ ✷✳✹✳✶✹✳ ❉❡ ♠♦❞♦ q✉❡ ♣❛r❛∑T
t=1
xt/T ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✳✷✮ s❡ t✐❡♥❡✿
∑T
t=1
xt
T
− µ¯T a.s−−−−−→ 0 , aplicacio´n del teorema 2. 4. 1∑T
t=1
xt
T
a.s−−−−−→ µ , proposicio´n 2. 2. 14∑T
t=1
xt
T
p−−−−→ µ , aplicacio´n de 2. 2. 5
❞❡ ♠♦❞♦ q✉❡✿ ∑T
t=1
xt
T
p−−−−→ µ ✭✹✳✷✳✻✮
❉❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✭✷✳✹✳✶✮ s❡ t✐❡♥❡ q✉❡ s✐ xt ❡s α−♠✐①✐♥❣ ❝♦♥ ❝♦❡✜❝✐❡♥t❡ ♠✐①✐♥❣
r/(r−1), r > 1 ❡♥t♦♥❝❡s x2t ❡s α−♠✐①✐♥❣ ❝♦♥ ❝♦❡✜❝✐❡♥t❡ ♠✐①✐♥❣ r/(r−1), r > 1✳ ❆❞✐✲
❝✐♦♥❛❧♠❡♥t❡ s❡ ❞❡✜♥❡ µ¯2T =
1
T
∑T
t=1E
[
X2t
]
② ❞❛❞♦ q✉❡ supE
∣∣Xt∣∣r+δ ≤ k <∞ , δ >
1 ∀t ♣❡r♠✐t❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✭❆✳✷✳✺✮ ❞❡ ♠♦❞♦ q✉❡ l´ım
T−→∞
µ¯2T = µ
2✳
❊♥t♦♥❝❡s ♣❛r❛
∑T
t=1
x2t/T s❡ t✐❡♥❡✿
✹◆♦t❛r q✉❡ E
∣∣Xt∣∣r+δ ≤ k <∞ , δ > 1 r > 1 ∀ t ✐♠♣❧✐❝❛ q✉❡E∣∣Xt∣∣r+δ ≤ k <∞ , δ > 0 r > 1 ∀ t
♣♦r ♣r♦♣♦s✐❝✐ó♥ ✭✷✳✷✳✷✮✳
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∑T
t=1
x2t
T
− µ¯2T a.s−−−−−→ 0 , aplicacio´n del teorema 2. 4. 1∑T
t=1
x2t
T
a.s−−−−−→ µ2 , proposicio´n 2. 2. 14∑T
t=1
x2t
T
p−−−−→ µ2 , aplicacio´n de 2. 2. 4
P♦r ❧♦ t❛♥t♦✿ ∑T
t=1
xt
T
p−−−−→ µ2 ✭✹✳✷✳✼✮
❆sí♠✐s♠♦✱ ❧❛ ❡①♣r❡s✐ó♥
∑T
t=1
txt/T
2 s❡ ♣✉❡❞❡ ❡①♣r❡s❛r ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿
∑T
t=1
txt
T 2
=
1
T 2
[
x1 + 2x2 + . . .+ TxT
]
=
1
T 2
[
x1 + 2x2 + . . .+ TxT +
(
x2 + x3 + . . .+ xT
)− (x2 + x3 + . . .+ xT )]
=
∑T
t=1
xt
T 2
+
1
T 2
[
x2 + 2x3 . . .+ (T − 1) xT
]
=
∑T
t=1
xt
T 2
+
1
T 2
[
x2 + 2x3 . . .+ (T − 1) xT + (x3 + . . .+ xT )− (x3 + . . .+ xT )
]
=
∑T
t=1
xt
T 2
+
∑T
t=2
xt
T 2
+
1
T 2
[
x3 + x4 . . .+ (T − 2) xT
]
❂
✳✳✳
=
1
T 2
×
∑T
t=1
xt +
1
T 2
×
∑T
t=2
xt + . . .+
1
T 2
×
∑T
t=T−1
xt +
1
T 2
× xt
❉❛❞♦ q✉❡ ♣♦r ❧❛ s✉♣♦s✐❝✐ó♥ ✶ xt ❝✉♠♣❧❡ ❝♦♥ supE
∣∣Xt∣∣r+δ ≤ k <∞ , δ > 1 r > 1 ∀ t ✱
❧♦ ❝✉❛❧ ✐♠♣❧✐❝❛ q✉❡ xt ❡s ❛s ❛❝♦t❛❞❛ ❡♥ Lp ② ♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✷✳✷✳✺ s❡ t✐❡♥❡ q✉❡ xt ❡s
❛❝♦t❛❞❛ ❡st♦❝ást✐❝❛♠❡♥t❡ ❞❡ ♠♦❞♦ q✉❡ xt = Op(1) ∀ t ✳ P♦r ♦tr♦ ❧❛❞♦✱ l´ım
T−→∞
1
T 2
= 0
② ♣♦r ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞✐r❡❝t❛ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❆✳✶✳✷ s❡ t✐❡♥❡ q✉❡
1
T 2
= o(1)✳ ❊♥t♦♥❝❡s✿
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∑T
t=1
txt
T 2
=
1
T 2
×
∑T
t=1
xt +
1
T 2
×
∑T
t=2
xt + . . .+
1
T 2
×
∑T
t=T−1
xt +
1
T 2
× xt
=o(1)×Op(1) + o(1)×Op(1) + . . .+ o(1)×Op(1)
=op(1)×Op(1) + op(1)×Op(1) + . . .+ op(1)×Op(1), por A. 1. 8
=op (1) + op (1) + . . .+ op (1) , por A. 1. 4
=op (1) , por A. 1. 2
▲♦ ❝✉❛❧ ✐♠♣❧✐❝❛ q✉❡✿ ∑T
t=1
txt
T 2
p−−−−→ 0 ✭✹✳✷✳✽✮
❆♣❧✐❝❛♥❞♦ ❧❛ s✉♣♦s✐❝✐ó♥ ✷ s❡ t✐❡♥❡ q✉❡ ❧❛ ✈❛r✐❛❜❧❡ εt ❝✉♠♣❧❡ ❝♦♥ ❧♦s s✉♣✉❡st♦s ❞❡❧
t❡♦r❡♠❛ ✭✷✳✹✳✷✮ ❞❛❞♦ q✉❡ supE
∣∣εt∣∣r+δ ≤ k < ∞ , δ > 1, r > 1 ∀ t ❡st❛❜❧❡❝❡ q✉❡ ❧❛
s✉❝❡s✐ó♥ ❞❡ ❡①♣❡❝t❛t✐✈❛s ❞❡ εt ❡s ❛❝♦t❛❞❛ ❡ ✐♥t❡❣r❛❜❧❡ ❞❡ ♦r❞❡♥ P = r + δ✱ ❧♦ q✉❡
✐♠♣❧✐❝❛ q✉❡ l´ım supE
∣∣εt∣∣r+δ < ∞ , δ > 1, r > 1✳ ▼✐❡♥tr❛s q✉❡ ∑
i∈N
α(i)1−2/β < ∞
❞❡❧ t❡♦r❡♠❛ ✭✷✳✹✳✷✮ s❡ ❝✉♠♣❧❡ s✐ α (i) = O
(
m
−r
(r−2)
−ε
)
✺✱ ♣♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ✭✷✳✹✳✹✮ ❡❧
t❛♠❛ñ♦ ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s α✲♠✐①✐♥❣ εt ❡♥ ❧❛ s✉♣♦s✐❝✐ó♥ ✶ ❡s α (t) = O
(
m
−r
(r−1)
−ε
)
②
♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✭❆✳✶✳✸✮ ✐♠♣❧✐❝❛ q✉❡ α (t) = O
(
m
−r
(r−2)
−ε
)
② s❡ ❝✉♠♣❧❡ ❡❧ s✉♣✉❡st♦
❞❡❧ t❡♦r❡♠❛ ✭✷✳✹✳✷✮✳
❉❡ ♠♦❞♦ q✉❡ ♣❛r❛ ❡❧ tér♠✐♥♦
∑T
t=1
εt/
√
T ❞❡ ❧❛ s❡❣✉♥❞❛ ♠❛tr✐③ ❞❡❧ ❧❛❞♦ ❞❡r❡❝❤♦
❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✳✷✮ s❡ t✐❡♥❡ q✉❡✿
✺❱é❛s❡ P❤✐❧❧✐♣s ✭✶✾✽✼✮ ♣✲✷✽✵✳
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∑T
t=1
εt
σε
√
T
d−−−−→ W (t) , teorema 2. 4. 2∑T
t=1
εt
σε
√
T
d−−−−→ N (0, 1) , corolario 2. 4. 1∑T
t=1
εt√
T
d−−−−→ σεN(0, 1) , proposicio´n 2. 2. 11
❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✿ ∑T
t=1
εt√
T
d−−−−→ σεN(0, 1) ✭✹✳✷✳✾✮
P❛r❛ ❡❧ tér♠✐♥♦
∑T
t=1
tεt/T
3/2 ❞❡ ❧❛ s❡❣✉♥❞❛ ♠❛tr✐③ ❞❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥
✭✹✳✷✳✷✮✱ s❡ ❞❡✜♥❡ ❧❛ ✈❛r✐❛❜❧❡ Zt = Zt−1 + εt ❝♦♥ Z0 = 0✱ r❡❛❧✐③❛♥❞♦ r❡❡♠♣❧❛③♦s
s✉❝❡s✐✈♦s s❡ t✐❡♥❡ q✉❡ Zt =
∑T
t=1
εt✳ ❉❡ ❧♦ ❛♥t❡r✐♦r s❡ ❞❡r✐✈❛ ❧❛ s✐❣✉✐❡♥t❡ ❡①♣r❡s✐ó♥✿
∑T
t=1
Zt−1
T
=
1
T
[
0 + ε1 + (ε1 + ε2) + . . .+ (ε1 + ε2 + . . .+ εT−1)
]
=
1
T
[
(T − 1) ε1 + (T − 2) ε2 + . . .+ εT−1
]
=
1
T
∑T
t=1
(T − t) εt
=
∑T
t=1
εt +
1
T
∑T
t=1
tεt
❉❡s♣❧❛③❛♥❞♦ tér♠✐♥♦s s❡ t✐❡♥❡ q✉❡✿
1
T
∑T
t=1
tεt =
∑T
t=1
εt − 1
T
∑T
t=1
Zt−1
❨ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ❧❛❞♦s ♣♦r 1/
√
T s❡ ♦❜t✐❡♥❡✿
1
T 3/2
∑T
t=1
tεt =
1√
T
∑T
t=1
εt − 1
T 3/2
∑T
t=1
Zt−1
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Pr❡✈✐❛♠❡♥t❡ ❜❛❥♦ ❧❛ s✉♣♦s✐❝✐ó♥ ✷ s❡ ❞❡♠♦s♦tró q✉❡
∑T
t=1
εt/
√
T
d−−−−→ σεW (1)✱
♣♦r ♦tr♦ ❧❛❞♦ s❡ t✐❡♥❡ q✉❡
∑T
t=1
Zt−1/T
3/2 d−−−−→ σε
∫ 1
0
W (s)ds ✻✳ ❊♥t♦♥❝❡s✿
1
T 3/2
∑T
t=1
tεt
d−−−−→ σεW (1)− σε
∫ 1
0
W (s)ds =
∫ 1
0
sdW (s)
❨ ♣♦r ♣r♦♣♦s✐❝✐ó♥ ✭✷✳✹✳✸✮ s❡ t✐❡♥❡ q✉❡✿
∫ 1
0
sdW (s) ∼ N (0, 1/3)
❉❡ ♠♦❞♦ q✉❡✿
1
T 3/2
∑T
t=1
tεt
d−−−−→ N (0, 1/3) ✭✹✳✷✳✶✵✮
❉❡ ❧❛ s✉♣♦s✐❝✐ó♥ ✶ s❡ t✐❡♥❡ q✉❡ xt ❡s α−♠✐①✐♥❣ ❝♦♥ ❝♦❡✜❝✐❡♥t❡s ♠✐①✐♥❣ ❞❡ t❛♠❛ñ♦
r/(r − 1), r > 1 ② ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✷ εt ❡s α−♠✐①✐♥❣ ❝♦♥ ❝♦❡✜❝✐❡♥t❡s ♠✐①✐♥❣ ❞❡
t❛♠❛ñ♦ r/(r−1), r > 1 ② ♠❡❞✐❛♥t❡ ♣r♦♣♦s✐❝✐ó♥ ✭✷✳✹✳✷✮ s❡ t✐❡♥❡ q✉❡ xtεt ❡s α−♠✐①✐♥❣
❝♦♥ ❝♦❡✜❝✐❡♥t❡s ♠✐①✐♥❣ ❞❡ t❛♠❛ñ♦ r/(r − 1), r > 1✳ ❨ s❡❛ X = sup∣∣Xt∣∣r+δ ②
Y = sup
∣∣εt∣∣r+δ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥t♦♥❝❡s s❡ t✐❡♥❡ q✉❡✿
✻❱é❛s❡ ❍❛ss❧❡r ✭✷✵✶✻✮ ♣✲✸✷✻ ♣❛r❛ ✉♥❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ r❡s✉❧t❛❞♦✳
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E |XY | = E
[
sup
∣∣Xt∣∣r+δ sup∣∣εt∣∣r+δ]
≥ E
[
sup
∣∣Xtεt∣∣r+δ] , por supXY ≤ supX · supY
≥ supE∣∣Xtεt∣∣r+δ , ya que supE [X] ≤ E [supX]
E |XY | ≤
√
E |X|2 ×
√
E |Y |2 , por (2. 2. 1) con p = q = 2
=
[
−1 ·
√
E |X|2
]
·
[
−1 ·
√
E |Y |2
]
≤ E
[
−
√
|X|2
]
× E
[
−
√
|Y |2
]
, proposicio´n 2. 2. 3
≤ E[− |X|]× E[− |Y |]
≤ E [X]× E [Y ] , dado que − |X| ≤ X
= E
[
sup
∣∣Xt∣∣r+δ]× E[sup∣∣εt∣∣r+δ]
E |XY | <∞ , supXt ∈ {Xt} , sup εt ∈ {ǫt}
supE
∣∣Xtεt∣∣r+δ <∞ ✭✹✳✷✳✶✶✮
❆❞✐❝✐♦♥❛❧♠❡♥t❡ ❞❡ ❧❛ s✉♣♦s✐❝✐ó♥ ✷ s❡ ❝✉♠♣❧❡ q✉❡ E
[
xtεt
]
= 0 ∀t ② σ2xε = l´ım
T−→∞
E
[
1
T
S2xε
]
, σ2xε > 0 ② ❥✉♥t♦ ❛ ❧♦ ❛♥t❡r✐♦r s❡ s❛t✐s❢❛❝❡♥ ❧♦s s✉♣✉❡st♦s ❞❡❧ t❡♦r❡♠❛ ✭✷✳✹✳✷✮ ♣❛r❛
xtεt✳ ❉❡ ♠♦❞♦ q✉❡ ♣❛r❛
∑T
t=1
xtεt/
√
T ✱ s❡ t✐❡♥❡✿
∑T
t=1
xtεt
σxǫ
√
T
d−−−−→ W (t) , teorema 2. 4. 2∑T
t=1
xtεt
σxǫ
√
T
d−−−−→ N (0, 1) , corolario 2. 4. 1∑T
t=1
εt√
T
d−−−−→ σxǫN(0, 1) , proposicio´n 2. 2. 11
P♦r ❧♦ t❛♥t♦✿ ∑T
t=1
εt√
T
d−−−−→ σxǫN(0, 1) ✭✹✳✷✳✶✷✮
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❆♣❧✐❝❛♥❞♦ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✷✳✸✮✱ ✭✹✳✷✳✹✮✱ ✭✹✳✷✳✺✮✱ ✭✹✳✷✳✻✮✱ ✭✹✳✷✳✼✮✱
✭✹✳✷✳✽✮✱ ✭✹✳✷✳✾✮✱ ✭✹✳✷✳✶✵✮ ② ✭✹✳✷✳✶✷✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ♠❛tr✐❝✐❛❧ ✭✹✳✷✳✷✮ s❡ t✐❡♥❡ q✉❡✿

√
T
(
αˆ− α)
T 3/2
(
δˆ − δ)
√
T
(
βˆ − β)
 L−−−−→

1
1
2
µ
1
2
1
3
0
µ 0 µ2

−1 
σεN(0, 1)
N (0, 1/3)
σxǫN(0, 1)
 ✭✹✳✷✳✶✸✮
❆❤♦r❛ s❡ ♣r♦❝❡❞❡ ❛ ❤❛❧❧❛r ❧❛ ♠❛tr✐③ ✐♥✈❡rs❛✼ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ♠❛tr✐❝✐❛❧ ✭✹✳✷✳✶✸✮✳
Pr✐♠❡r♦ s❡ ❤❛❧❧❛ ❡❧ ❞❡t❡r♠✐♥❛♥t❡✿
∣∣∣∣∣∣∣∣∣∣∣
1
1
2
µ
1
2
1
3
0
µ 0 µ2
∣∣∣∣∣∣∣∣∣∣∣
= 1×
∣∣∣∣∣∣∣
1
3
0
0 µ2
∣∣∣∣∣∣∣−
1
2
×
∣∣∣∣∣∣∣
1
2
0
µ µ2
∣∣∣∣∣∣∣+
1
µ
×
∣∣∣∣∣∣∣
1
2
1
3
µ 0
∣∣∣∣∣∣∣
=
µ2
3
− µ
2
4
− [µ]
2
3
=
µ2
12
− [µ]
2
3
=
µ2 − 4 [µ]2
12
▲✉❡❣♦ s❡ ❤❛❧❧❛♥ ❧♦s ❝♦❢❛❝t♦r❡s ❞❡ ❝❛❞❛ tér♠✐♥♦ ❞❡ ❧❛ ♣r✐♠❡r❛ ♠❛tr✐③ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥
♠❛tr✐❝✐❛❧ ✭✹✳✷✳✶✸✮✿
✼❱é❛s❡ ❡❧ ❆♣é♥❞✐❝❡ ❆✳✸ ♣❛r❛ ✉♥❛ r❡✈✐s✐ó♥ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❜ás✐❝♦s ✐♥✈❡rs❛s ❞❡ ♠❛tr✐❝❡s✳
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A11 = (−1)1+1
∣∣∣∣∣∣∣
1
3
0
0 µ2
∣∣∣∣∣∣∣ = 1×
[
1
3
× µ2 − 0
]
=
µ2
3
A12 = (−1)1+2
∣∣∣∣∣∣∣
1
2
0
µ µ2
∣∣∣∣∣∣∣ = −1×
[
1
2
× µ2 − 0× µ
]
= −µ
2
2
A13 = (−1)1+3
∣∣∣∣∣∣∣
1
2
1
3
µ 0
∣∣∣∣∣∣∣ = 1×
[
1
2
× 0− 1
3
× µ
]
= −µ
3
A21 = (−1)2+1
∣∣∣∣∣∣∣
1
2
µ
0 µ2
∣∣∣∣∣∣∣ = −1×
[
1
2
× µ2 − 0× µ
]
= −µ
2
2
A22 = (−1)2+2
∣∣∣∣∣∣∣
1 µ
µ µ2
∣∣∣∣∣∣∣ = 1×
[
1× µ2 − µ× µ] = µ2 − [µ]2
A23 = (−1)2+3
∣∣∣∣∣∣∣
1
1
2
µ 0
∣∣∣∣∣∣∣ = −1×
[
1× 0− µ× 1
2
]
=
µ
2
A31 = (−1)3+1
∣∣∣∣∣∣∣
1
2
µ
1
3
0
∣∣∣∣∣∣∣ = 1×
[
1
2
× 0− 1
3
× µ
]
= −µ
3
A32 = (−1)3+2
∣∣∣∣∣∣∣
1 µ
1
2
0
∣∣∣∣∣∣∣ = −1×
[
1× 0− µ× 1
2
]
=
µ
2
A33 = (−1)3+3
∣∣∣∣∣∣∣
1
1
2
1
2
1
3
∣∣∣∣∣∣∣ = 1×
[
1× 1
3
− 1
2
× 1
2
]
= −2
3
❉❡ ♠♦❞♦ q✉❡ ❧❛ ♠❛tr✐③ ❞❡ ❝♦❢❛❝t♦r❡s ❡s✿
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[Aij] =

µ2
3
−µ
2
2
−µ
3
− µ
2
2
µ2 − [µ]2 µ
2
− µ
3
µ
2
−2
3

❨ ❧❛ ♠❛tr✐③ ❛❞❥✉♥t❛✿
adjA =

µ2
3
−µ
2
2
−µ
3
− µ
2
2
µ2 − [µ]2 µ
2
− µ
3
µ
2
−2
3

❨ ❧❛ ✐♥✈❡rs❛ ❡s s❡❣ú♥ ❧❛ ❡❝✉❛❝✐ó♥✿

1
1
2
µ
1
2
1
3
0
µ 0 µ2

−1
=
1
µ2 − 4 [µ]2
12
×

µ2
3
−µ
2
2
−µ
3
− µ
2
2
µ2 − [µ]2 µ
2
− µ
3
µ
2
−2
3

=
12
△ ×

µ2
3
−µ
2
2
−µ
3
− µ
2
2
µ2 − [µ]2 µ
2
− µ
3
µ
2
−2
3

,△ = µ2 − 4 [µ]2
=

4µ2
△ −
6µ2
△ −
4µ
△
− 6µ
2
△
12
[
µ2 − [µ]2]
△
6µ
△
− 4µ△
6µ
△ −
8
△

❊♥ ❝♦♥s❡♥❝✉❡♥❝✐❛ ❧❛ ❡❝✉❛❝✐ó♥ ♠❛tr✐❝✐❛❧ ✭✹✳✷✳✶✸✮ q✉❡❞❛ ❝♦♠♦✿
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
√
T
(
αˆ− α)
T 3/2
(
δˆ − δ)
√
T
(
βˆ − β)
 L−−−−→

4µ2
△ −
6µ2
△ −
4µ
△
− 6µ
2
△
12
[
µ2 − [µ]2]
△
6µ
△
− 4µ△
6µ
△ −
8
△


σεN(0, 1)
N (0, 1/3)
σxǫN(0, 1)

=

4µ2
△ −
6µ
△ −
4µ
△
− 6µ
2
△
12
[
µ2 − [µ]2]
△
6µ
△
− 4µ△
6µ
△ −
8
△


σε 0 0
0
1
3
0
0 0 σxǫ


N(0, 1)
N (0, 1)
N(0, 1)

=

4µ2σε
△ −
2µ2
△ −
4µσxǫ
△
− 6µ
2σε
△
4
[
µ2 − [µ]2]
△
6µσxǫ
△
− 4µσε△
2µ
△ −
8σxǫ
△


N(0, 1)
N (0, 1)
N(0, 1)

=

4µ2σε
△ N(0, 1)−
2µ2
△ N (0, 1)−
4µσxǫ
△ N(0, 1)
− 6µ
2σε
△ N (0, 1) +
4
[
µ2 − [µ]2]
△ N (0, 1) +
6µσxǫ
△ N (0, 1)
− 4µσε△ N(0, 1) +
2µ
△N (0, 1)−
8σxǫ
△ N(0, 1)

❨ ♣♦r ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✭❆✳✹✳✶✮ s❡ t✐❡♥❡✿

√
T
(
αˆ− α)
T 3/2
(
δˆ − δ)
√
T
(
βˆ − β)
 d−−−−→

N
(
0,
[
4µ2σε
△
]2)
+N
(
0,
[
−2µ
2
△
]2)
+N
(
0,
[
−4µσxǫ△
]2)
N
(
0,
[
−6µ
2σε
△
]2)
+N
0,[4 [µ2 − [µ]2]△
]2+N (0, [6µσxǫ△
]2)
N
(
0,
[
−4µσε△
]2)
+N
(
0,
[
2µ
△
]2)
+N
(
0,
[
−8σxǫ△
]2)

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❆♣❧✐❝❛♥❞♦ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✭❆✳✹✳✷✮✱ ❞❡ ♠♦❞♦ q✉❡✿

√
T
(
αˆ− α)
T 3/2
(
δˆ − δ)
√
T
(
βˆ − β)
 d−−−−→

N
(
0,
[
4µ2σε
△
]2
+
[
−2µ
2
△
]2
+
[
−4µσxǫ△
]2)
N
0, [−6µ2σε△
]2
+
[
4
[
µ2 − [µ]2]
△
]2
+
[
6µσxǫ
△
]2
N
(
0,
[
−4µσε△
]2
+
[
2µ
△
]2
+
[
−8σxǫ△
]2)

✭✹✳✷✳✶✹✮
❉❡ ❧❛ ❡❝✉❛❝✐ò♥ ♠❛tr✐❝✐❛❧ ✭✹✳✷✳✶✹✮ s❡ ❡✈✐❞❡♥❝✐❛♥ tr❡s ❤❡❝❤♦s ✐♠♣♦rt❛♥t❡s✱ ♣r✐♠❡r♦
q✉❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❡❧❡♠❡♥t♦s ❧♦s ❡st✐♠❛❞♦r❡s ❞❡ (b−β) ♣❛r❛ ❧♦s ❡st✐♠❛❞♦r❡s αˆ, δˆ, βˆ
❞❡❧ ♠♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥ ✭✹✳✶✳✶✮ ❝♦♥✈❡r❣❡♥ ❛ ✉♥❛ ❞✐str✐❜✉❝✐ó♥ ♥♦r♠❛❧ ❝♦♥ ♠❡❞✐❛ ✵
♣❡r♦ ❝♦♥ ❞✐❢❡r❡♥t❡s ✈❛r✐❛♥③❛s✱ s❡❣✉♥❞♦ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ✈❛r✐❛♥③❛s ❞❡ (b − β) ❡♥ ❧❛
❡❝✉❛❝✐ó♥ ♠❛tr✐❝✐❛❧ ✭✹✳✷✳✶✹✮ ❞❡♣❡♥❞❡ ♥♦ s♦❧♦ ❞❡ ❧♦s ♣r♦♣✐♦s ♣❛rá♠❡tr♦s ♣♦❜❧❛❝✐♦♥❛❧❡s
s✐♥♦ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ♦tr❛s ✈❛r✐❛❜❧❡s✱ ② t❡r❝❡r♦ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❡♥
(b − β) ❝♦♥✈❡r❣❡ ❛ ❧❛ ❞✐str✐❜✉❝✐ó♥ ♥♦r♠❛❧ ❛ ✉♥❛ t❛s❛ ❞✐st✐♥t❛ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ❧♦s
❡st✐♠❛❞♦r❡s ❞❡ αˆ ② βˆ ❝♦♥✈❡r❣❡♥❝❡♥ ❛ ✉♥❛ t❛s❛
√
T ♠✐❡♥tr❛s q✉❡ δˆ ❝♦♥✈❡r❣❡ ❛ ✉♥❛
t❛s❛ T 3/2✳
❈❛♣ít✉❧♦ ✺
❈♦♥❝❧✉s✐♦♥❡s ② r❡❝♦♠❡♥❞❛❝✐♦♥❡s
✺✳✶✳ ❈♦♥❝❧✉s✐ó♥✳
▲❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s ❡♥ ♠♦❞❡❧♦s ❞❡ r❡❣r❡s✐ó♥
❥✉❡❣❛ ✉♥ ♣❛♣❡❧ ♣r❡♣♦♥❞❡r❛♥t❡ ❡♥ ❧♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ✐♥❢❡r❡♥❝✐❛❧❡s ❡♥ ❧♦s ♠♦❞❡❧♦s ❞❡
r❡❣r❡s✐ó♥ ❝♦♠♦ s❡ ❡✈✐❞❡♥❝✐ó ❡♥ ❧❛ s❡❝❝✐ó♥ ✸✳✹ ❞❡❧ ❝❛♣ít✉❧♦ ✸ ❞❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦✳
▲♦s tr❡s ♣✉♥t♦s ❞❡❧ ú❧t✐♠♦ ♣árr❛❢♦ ❞❡ ❧❛ s❡❝❝✐ó♥ ✹✳✷ t✐❡♥❡♥ ❝♦♥s❡❝✉❡♥❝✐❛s ✐♠♣♦r✲
t❛♥t❡s ❡♥ ❡❧ ♣r♦❝❡s♦ ❞❡ ✐♥❢❡r❡♥❝✐❛ ❡♥ ❧♦s ♠♦❞❡❧♦s ❞❡ r❡❣r❡s✐ó♥ ❧✐♥❡❛❧ ❝✉❛♥❞♦s ❧❛s
✈❛r✐❛❜❧❡s s✐❣✉❡♥ ♣r♦❝❡s♦s str♦♥❣ ♠✐①✐♥❣ ❝♦♥ ❝♦♠♣♦♥❡♥t❡s t❡♥❞❡♥❝✐❛❧❡s ❞❛❞♦ q✉❡ ❡♥
❡❧ ♣r♦❝❡s♦ ✐♥❢❡r❡♥❝✐❛❧ tr❛❞✐❝✐♦♥❛❧ ❞❡ r❡❣r❡s✐♦♥❡s ❝♦♥ ✈❛r✐❛❜❧❡s ❡①♣❧✐❝❛t✐✈❛s ❞❡t❡r♠✐✲
♥íst✐❝❛s✱ ❡❧ ✈❡❝t♦r (b− β) s✐❣✉❡ ❞✐str✐❜✉❝✐ó♥ ♥♦r♠❛❧ N (0, 1) ❞❡ ♠♦❞♦ q✉❡ ❡s ♣♦s✐❜❧❡
✉s❛r t❛❜❧❛s ❡st❛❞íst✐❝❛s ❝♦♥✈❡♥❝✐♦♥❛❧❡s ♣❛r❛ ❧♦s ❞✐✈❡rs♦s t❡st ❞❡ s✐❣♥✐✜❝❛♥❝✐❛ ✐♥❞✐✲
✈✐❞✉❛❧ ② ❝♦♥❥✉♥t❛✱ ♠✐❡♥tr❛s q✉❡ ❧♦s ❡st✐♠❛❞♦r❡s ❞❡ ❧♦s r❡❣r❡s♦r❡s str♦♥❣ ♠✐①✐♥❣ s❡
❞✐str✐❜✉❡♥ ❞❡ ❛❝✉❡r❞♦ ❛ ✭✹✳✷✳✶✹✮✳ ❉❡ ♠♦❞♦ q✉❡ ❛♣❧✐❝❛r ❡st♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ❡♥ r❡❣r❡✲
s✐♦♥❡s ❝♦♥ ✈❛r✐❛❜❧❡s str♦♥❣ ♠✐①✐♥❣ ♣✉❡❞❡ ❧❧❡✈❛r ❡rr♦♥❡❛♠❡♥t❡ ❛ ❡st❛❜❧❡❝❡r r❡❧❛❝✐♦♥❡s
❡st❛❞íst✐❝❛s ❝✉❛♥❞♦ ♣✉❡❞❡ ♥♦ ❡①✐st✐r ♥✐♥❣✉♥❛✳ P♦r ♦tr♦ ❧❛❞♦✱ ❞❛❞♦ q✉❡ ❧❛s ✈❛r✐❛♥✲
③❛s ❞❡ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ♣❛r❛ ❧❛s ✈❛r✐❛❜❧❡s αˆ, δˆ, βˆ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ♠❛tr✐❝✐❛❧ ✭✹✳✷✳✶✹✮
❞❡♣❡♥❞❡♥ ❞❡ ♣❛r❛♠❡tr♦s ♣♦❜❧❛❝✐♦♥❛❧❡s✱ ❡s ♥❡❝❡s❛r✐♦ ❡st✐♠❛r ❡st♦s ♣❛rá♠❡tr♦s ❛ ❧❛
❤♦r❛ ❞❡ r❡❛❧✐③❛r ❡❧ ♣r♦❝❡s♦ ✐♥❢❡r❡♥❝✐❛❧ s♦❜r❡ ❧♦s ❡st✐♠❛❞♦r❡s αˆ, δˆ, βˆ✳
✺✹
❈❆P❮❚❯▲❖ ✺✳ ❈❖◆❈▲❯❙■❖◆❊❙ ❨ ❘❊❈❖▼❊◆❉❆❈■❖◆❊❙ ✺✺
❉❡ ♠❛♥❡r❛ ❣❡♥❡r❛❧ ❧♦s ♣r♦❝❡s♦s ❞❡ ✐♥❢❡r❡♥❝✐❛ ❡st❛❞íst✐❝❛ ❡♥ ❧♦s ♠♦❞❡❧♦s ❞❡ r❡✲
❣r❡s✐ó♥ ❝♦♥ ❞❛t♦s ♦❜s❡r✈❛❝✐♦♥❛❧❡s✱ ❡st♦ ❞❛t♦s ♣r♦✈❡♥✐❡♥t❡s ❞❡ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ♣❛s✐✈❛
❡♥ ❝♦♥tr❛st❡ ❝♦♥ ❞❛t♦s q✉❡ ♣r♦✈✐❡♥❡♥ ❞❡ ♠✉❡str❛s ♦ ❡①♣❡r✐♠❡♥t♦s✱ ♥♦ ❞❡❜❡♥ ❞❡ s❡r
❧❧❡✈❛❞♦s ❞❡ ❢♦r♠❛ ♠❡❝á♥✐❝❛✱ ② ❞❡ ♠❛♥❡r❛ ♣❛rt✐❝✉❧❛r ❝♦♥ r❡❣r❡s♦r❡s q✉❡ s✐❣✉❡♥ ♣r♦✲
❝❡s♦s ❞❡♣❡♥❞✐❡♥t❡s str♦♥❣ ♠✐①✐♥❣ ② ❝♦♠♣♦♥❡♥t❡s t❡♥❞❡♥❝✐❛❧❡s ❞❛❞♦ q✉❡ s❡ ❝♦rr❡ ❡❧
r✐❡s❣♦ ❞❡ ❝♦♠❡t❡r ❡rr♦r❡s t✐♣♦ ■ ♦ t✐♣♦ ■■ ② ❛s✐❣♥❛r ✉♥❛ r❡❧❛❝✐ó♥ ❡st❛❞íst✐❝❛ ❝✉❛♥❞♦
❡♥ r❡❛❧✐❞❛❞ ♥♦ ❡①✐st❡ ♥✐♥❣✉♥❛✳
✺✳✷✳ ❘❡❝♦♠❡♥❞❛❝✐ó♥
❙❡ r❡❝♦♠✐❡♥❞❛ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ✉♥ ❛♥á❧✐s✐s ♠✐♥✉❝✐♦s♦ ❛ ❧❛ ❤♦r❛ ❞❡ ❛♣❧✐❝❛r ♠♦❞❡❧♦s
❞❡ r❡❣r❡s✐♦♥❡s s♦❜r❡ ❞❛t♦s ❞❡ s❡r✐❡s t❡♠♣♦r❛❧❡s✱ ❞❛❞♦ q✉❡ s♦❜r❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s q✉❡
♣✉❡❞❛ t❡♥❡r ❝❛❞❛ s❡r✐❡ ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥ ✈❛ ❛ ❞❡♣❡♥❞❡r ❡♥ ❣r❛♥ ♠❛♥❡r❛ ❧❛
❞✐str✐❜✉❝✐ó♥ ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s q✉❡ s♦♥ ❡s❡♥❝✐❛❜❧❡s ♣❛r❛ ❡st❛❜❧❡❝❡r ❧❛s ❞✐str✐❜✉❝✐♦♥❡s
❞❡ ❧❛s ♣r✉❡❜❛s ❡st❛❞íst✐❝❛s ♣♦st❡r✐♦r❡s✱ q✉❡ s❡ r❡❛❧✐③❛♥ ❡♥ ❡❧ ♣r♦❝❡s♦ ❞❡ ✐♥❢❡r❡♥❝✐❛✱
✐❣♥♦r❛r ❡st❡ ♣✉♥t♦ ♣✉❡❞❡ ❧❧❡✈❛r r❡❛❧✐③❛r ♣r♦❝❡❞✐♠✐❡♥t♦s ✐♥❢❡r❡♥❝✐❛❧❡s ✐♥✈á❧✐❞♦✳ P♦r
♦tr♦ ❧❛❞♦ s❡ r❡❝♦♠✐❡♥❞❛ ✉s❛r ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❧♦s ❡st✐♠❛❞♦r❡s ♦❜t❡♥✐❞♦s ❡♥ ❡❧ ♣r❡✲
s❡♥t❡ tr❛❜❛❥♦ ❞❛❞♦ q✉❡ ❧♦s ♣r♦❝❡s♦s str♦♥❣✲♠✐①✐♥❣ s♦♥ ❜❛st❛♥t❡ ❣❡♥❡r❛❧❡s ② ♣❡r♠✐t❡♥
t❛♥t♦ s✉ ❛♣❧✐❝❛❝✐ó♥ ♣❛r❛ s❡r✐❡s ❡st❛❝✐♦♥❛r✐❛s ② ♥♦ ❡st❛❝✐♦♥❛r✐❛s q✉❡ s♦♥ ❞❡ ✉s♦ ❝♦♠ú♥
❡♥ ❡❧ tr❛❜❛❥♦ ❛♣❧✐❝❛❞♦✳
❆♣é♥❞✐❝❡ ❆
❋ór♠✉❧❛s ② ♣r♦❝❡❞✐♠✐❡♥t♦s
❆✳✶✳ ◆♦t❛❝✐ó♥ O ✲❣r❛♥❞❡✱ o ✲♣❡q✉❡ñ❛✱ Op ② op
❉❡✜♥✐❝✐ó♥ ❆✳✶✳✶✳ ◆♦t❛❝✐ó♥ O−❣r❛♥❞❡✳✶ ❯♥❛ ❢✉♥❝✐ó♥ f (x) ❡s ❞❡ ♦r❞❡♥ g (x) s✐✷✿
l´ım
n−→∞
f (x)
g (x)
= xo
P❛r❛ ✉♥ x0 ∈ R ② s❡ r❡♣r❡s❡♥t❛ ❝♦♠♦✿ f (x) = O (g (x))✳
❉❡✜♥✐❝✐ó♥ ❆✳✶✳✷✳ ◆♦t❛❝✐ó♥ o−♣❡q✉❡ñ❛✸✳ ❯♥❛ ❢✉♥❝✐ó♥ f (x) ❡s ❞❡ ♦r❞❡♥ ❝❡r♦ r❡❧❛✲
t✐✈♦ ❛ g (x) s✐✿
l´ım
n−→∞
f (x)
g (x)
= 0
❨ s❡ r❡♣r❡s❡♥t❛ ❝♦♠♦✿ f (x) = o (g (x))✳
❉❡✜♥✐❝✐ó♥ ❆✳✶✳✸✳ ◆♦t❛❝✐ó♥ Op−❣r❛♥❞❡✳ ❙❡ ❞✐❝❡ q✉❡
{
Xn
}
❡s ❞❡ ♦r❞❡♥ ❡♥ ♣r♦❜❛✲
❜✐❧✐❞❛❞ O (f (N)) s✐ ♣❛r❛ ❝❛❞❛ ǫ > 0 ❡①✐st❡ ✉♥ Aǫ > 0 t❛❧ q✉❡✿
P
[
Xn
f (N)
≤ Aǫ
]
≥ 1− ǫ
✶▲❛ ♥♦t❛❝✐ó♥ O− ❣r❛♥❞❡ ② o−♣❡q✉❡ñ❛ s❡ ❛♣❧✐❝❛ ✐♥❞✐st✐♥t❛♠❡♥t❡ t❛♥t♦ ❛ ❢✉♥❝✐♦♥❡s ❝♦♠♦ ❛
s✉❝❡s✐♦♥❡s✱ r❡❝♦r❞❛♥❞♦ q✉❡ ✉♥❛ s✉❝❡s✐ó♥ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❝✉②♦ ❞♦♠✐♥✐♦ ❡s N
✷❱é❛❡ ❙❤②♥❦ ✭✷✵✶✸✮ ♣✲✻✹✵✳
✸■❜✐❞✱ ♣✲✻✹✶✳
✺✻
❆P➱◆❉■❈❊ ❆✳ ❋Ó❘▼❯▲❆❙ ❨ P❘❖❈❊❉■▼■❊◆❚❖❙ ✺✼
❨ s❡ ❞❡♥♦t❛ ❝♦♠♦ Xn = O (f (N))✳
❉❡✜♥✐❝✐ó♥ ❆✳✶✳✹✳ ◆♦t❛❝✐ó♥ op−♣❡q✉❡ñ❛✳ ❙❡ ❞✐❝❡ q✉❡
{
Xn
}
❡s ❞❡ ♦r❞❡♥ ❡♥ ♣r♦❜❛✲
❜✐❧✐❞❛❞ o (f (N)) s✐✿
p l´ım
Xn
f (N)
= 0
❨ s❡ ❞❡♥♦t❛ ❝♦♠♦✿ Xn = o (f (N))✳
Pr♦♣♦s✐❝✐ó♥ ❆✳✶✳✶✳ ❙❡❛ f = O
(
an
)
✱ g = O
(
bn
)
✱ h = o
(
cn
)
② j = o
(
dn
)
✱ ❡♥t♦♥❝❡s
s❡ ❝✉♠♣❧❡ q✉❡✹✿
f + g =O
(
ma´x {an, bn}
)
✭❆✳✶✳✶✮
h+ j =o
(
ma´x {cn, dn}
)
✭❆✳✶✳✷✮
f + h =o
(
cn
)
✭❆✳✶✳✸✮
f × h =o(ancn) ✭❆✳✶✳✹✮
h× j =o(cndn) ✭❆✳✶✳✺✮
f × g =O(anbn) ✭❆✳✶✳✻✮
❊st❛s ♠✐s♠❛s ♣r♦♣✐❡❞❛❞❡s s❡ ❛♣❧✐❝❛♥ ♣❛r❛ Op ② op✳
Pr♦♣♦s✐❝✐ó♥ ❆✳✶✳✷✳ ❙✐ xn = O
(
cn
)
② yn = o
(
bn
)
✳ ❊♥t♦♥❝❡s✺✿
xn =Op
(
cn
)
✭❆✳✶✳✼✮
yn =op
(
bn
)
✭❆✳✶✳✽✮
Pr♦♣♦s✐❝✐ó♥ ❆✳✶✳✸✳ ❙✐ xn = O
(
nλ
)
❡♥t♦♥❝❡s ♣❛r❛ ✉♥ δ > 0✱ xn = O
(
nλ+δ
)
✻✳
❆✳✷✳ ❘❡s✉❧t❛❞♦s ❞❡ ❙✉❝❡s✐♦♥❡s ② s❡r✐❡s
Pr♦♣♦s✐❝✐ó♥ ❆✳✷✳✶✳ ❊❧ sup an ❡①✐st❡ s✐ ② s♦❧♦ s✐ an ❡s ❛❝♦t❛❞❛ ❞❡s❞❡ ❛rr✐❜❛✳
✹❱é❛s❡ ❙♣❛♥♦s ✶✾✽✻✱ ♣❛❣✲✶✾✺✳
✺❱é❛s❡ ▼✐tt❡❧❤❛♠♠❡r ✭✷✵✶✸✮ ♣✲✷✹✼✳
✻❱é❛s❡ ❲❤✐t❡ ✭✷✵✵✵✮ ♣✲✶✼✳
❆P➱◆❉■❈❊ ❆✳ ❋Ó❘▼❯▲❆❙ ❨ P❘❖❈❊❉■▼■❊◆❚❖❙ ✺✽
Pr♦♣♦s✐❝✐ó♥ ❆✳✷✳✷✳ ❙✐ sup an <∞ ❡♥t♦♥❝❡s l´ım sup an <∞✳
Pr♦♣♦s✐❝✐ó♥ ❆✳✷✳✸✳ ❚❡♦r❡♠❛ ❞❡ ❇♦❧③❛♥♦✲❲❡✐❡rstr❛ss✳ ❯♥❛ s✉❝❡s✐ó♥ ❛❝♦t❛❞❛ {an}
t✐❡♥❡ ✉♥❛ s✉❜✲s✉❝❡s✐ó♥ ank q✉❡ ❡s ❝♦♥✈❡r❣❡♥t❡✳
Pr♦♣♦s✐❝✐ó♥ ❆✳✷✳✹✳ ❯♥❛ s✉❝❡s✐ó♥{an} ❡s ❝♦♥✈❡r❣❡♥t❡ s✐ ② s♦❧♦ s✐ ❡s ❛❝♦t❛❞❛ ② t✐❡♥❡
✉♥❛ s✉❜✲s✉❝❡s✐ó♥ ank q✉❡ ❝♦♥✈❡r❣❡ ❛ ✉♥ ❧í♠✐t❡✳
Pr♦♣♦s✐❝✐ó♥ ❆✳✷✳✺✳ ❙❡❛ {an} ✉♥❛ s✉❝❡s✐ó♥✱ ② s❡ ❞❡✜♥❡ ❧❛ s✐❣✉✐❡♥t❡ s✉❝❡s✐ó♥✿
bn =
a1 + a2 + a3 + . . .+ an
n
❙✐ an −→ k ❡♥t♦♥❝❡s bn −→ k✼✳
❆✳✸✳ ❘❡s✉❧t❛❞♦s ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛❧
❉❡✜♥✐❝✐ó♥ ❆✳✸✳✶✳ ▼❛tr✐③✽✳ ❯♥❛ ♠❛tr✐③ ❡s ✉♥ ❛rr❡❣❧♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ❡❧❡♠❡♥t♦s✱
q✉❡ ♣✉❡❞❡♥ s❡r ♥ú♠❡r♦s✱ ❢✉♥❝✐♦♥❡s✱ s✉❝❡s✐♦♥❡s ❡ ✐♥❝❧✉s♦ ♦tr❛s ♠❛tr✐❝❡s✳ ❯♥❛ ♠❛tr✐③
A s❡ ❞❡♥♦t❛ ❝♦♠♦✿
A =

a11 a12 . . . a1n
a21 a22 . . . a2n
✳✳✳
✳✳✳
✳ ✳ ✳
✳✳✳
am1 am2 . . . amn

▲❛ ♠❛tr✐③ A t✐❡♥❡ n ✜❧❛s ② m ❝♦❧✉♠♥❛s✱ ❞❡ ♠♦❞♦ q✉❡ s❡ ❞❡♥♦t❛ ❝♦♠♦ Am×n✳
❉❡✜♥✐❝✐ó♥ ❆✳✸✳✷✳ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ ✉♥❛ ✉♥❛ ♠❛tr✐③✳ ❊❧ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ ✉♥❛ ♠❛tr✐③
A ❡s ✉♥ ❡s❝❛❧❛r ❛s♦❝✐❛❞♦ ❛ ❡st❛ ♠❛tr✐③ ② s❡ ❞❡♥♦t❛ ❝♦♠♦ |A| ✱ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ✉♥❛
♠❛tr✐③ ❝✉❛❞r❛❞❛ ❞❡ ✷①✷ s❡ t✐❡♥❡✿
|A| =
∣∣∣∣∣∣∣
a11 a12
a21 a22
∣∣∣∣∣∣∣ = a11a22 − a12a21
✼❱é❛s❡ ❨❛✉ ✭✷✵✶✸✮ ♣✲✺✾✳
✽❊st❛ s❡❝❝✐ó♥ s❡ ❜❛s❛ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♥ P♦♦❧❡ ✭✷✵✵✻✮✱ ❝❛♣ít✉❧♦ ✸✳
❆P➱◆❉■❈❊ ❆✳ ❋Ó❘▼❯▲❆❙ ❨ P❘❖❈❊❉■▼■❊◆❚❖❙ ✺✾
P❛r❛ ❡❧ ❝❛s♦ ❞❡ ✉♥❛ ♠❛tr✐③ ❝✉❛❞r❛❞❛ ✸①✸✿
|A| =
∣∣∣∣∣∣∣∣∣∣
a11 a12 a13
a21 a22 a23
a31 a32 a33
∣∣∣∣∣∣∣∣∣∣
= a11
∣∣∣∣∣∣∣
a22 a23
a32 a33
∣∣∣∣∣∣∣− a12
∣∣∣∣∣∣∣
a11 a13
a31 a33
∣∣∣∣∣∣∣+ a13
∣∣∣∣∣∣∣
a21 a22
a31 a32
∣∣∣∣∣∣∣
❨ ❞❡ ♠❛♥❡r❛ ❣❡♥❡r❛❧✿
|A| =
n∑
j=1
(−1)1+j |A1j|
❉♦♥❞❡ |A1j| s❡ ❡❧ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ ❧❛ s✉❜✲♠❛tr✐③ q✉❡ r❡s✉❧t❛ ❞❡ ❡❧✐♠✐♥❛r ❧❛ ♣r✐✲
♠❡r❛ ✜❧❛ ② j✲és✐♠❛ ❝♦❧✉♠♥❛✱ ② r❡❝✐❜❡ ❡❧ ♥♦♠❜r❡ ❞❡ ♠❡♥♦r✳ ② ❧❛ ❡①♣r❡s✐ó♥ C1j =
(−1)1+j |A1j|r❡❝✐❜❡ ❡❧ ♥♦♠❜r❡ ❞❡ ❝♦❢❛❝t♦r✳
❉❡✜♥✐❝✐ó♥ ❆✳✸✳✸✳ ▼❛tr✐③ ❞❡ ❝♦♥❢❛❝t♦r❡s✳ ❙❡❛ A ✉♥❛ ♠❛tr✐③ ❞❡ ♦r❞❡♥ m× n ② s❡❛
C1j ❡❧ ❝♦❢❛❝t♦r ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ aij❞❡❧ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ ❧❛ ♠❛tr✐③ A✳ ❊♥t♦♥❝❡s ❧❛
♠❛tr✐③ q✉❡ ❝♦♥t✐❡♥❡ t♦❞♦s ❧♦s ❝♦❢❛❝t♦r❡s ❞❡ ❧❛ ♠❛tr✐③ A r❡❝✐❜❡ ❡❧ ♥♦♠❜r❡ ❞❡ ♠❛tr✐③
❞❡ ❝♦❢❛❝t❡r ② s❡ ❞❡♥♦t❛ ❝♦♠♦ [Aij]✳ P❛r❛ ❡❧ ❝❛s♦ ❞❡ ✉♥❛ ♠❛tr✐③ ✸①✸ s❡ t✐❡♥❡✿
[Aij] =

A11 A12 A13
A21 A22 A23
A31 A32 A33

❉❡✜♥✐❝✐ó♥ ❆✳✸✳✹✳ ❆❞❥✉♥t❛ ❞❡ ✉♥❛ ♠❛tr✐③✳ ▲❛ tr❛♥s♣✉❡st❛ ❞❡ ❧❛ ♠❛tr✐③ ❞❡ ❝♦❢❛❝t♦r❡s
[Aij]s❡ ❞❡♠♦♥✐♥❛ ❛❞❥✉♥t❛ ② s❡ ❞❡♥♦t❛ ❝♦♠♦ adjA✳
❉❡✜♥✐❝✐ó♥ ❆✳✸✳✺✳ ■♥✈❡rs❛ ❞❡ ✉♥❛ ♠❛tr✐③✳ ▲❛ ✐♥✈❡rs❛ ❞❡ ✉♥❛ ♠❛tr✐③ s❡ ❞❡✜♥❡ ❝♦♠♦✿
A−1 =
1
|A| . adj❆
❆P➱◆❉■❈❊ ❆✳ ❋Ó❘▼❯▲❆❙ ❨ P❘❖❈❊❉■▼■❊◆❚❖❙ ✻✵
❆✳✹✳ ❉✐str✐❜✉❝✐ó♥ ◆♦r♠❛❧
❉❡✜♥✐❝✐ó♥ ❆✳✹✳✶✳ ❉✐str✐❜✉❝✐ó♥ ◆♦r♠❛❧✳✾ ❯♥❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛ X s✐❣✉❡ ✉♥❛ ❞✐s✲
tr✐❜✉❝✐ó ♥♦r♠❛❧ ❝♦♥ ❡①♣❡❝t❛t✐✈❛ µ ② ✈❛r✐❛♥③❛ σ2 s✐ s✉ ❢✉♥❝✐ó♥ ❞❡ ❞❡♥s✐❞❛❞ ❡st❛ ❞❛❞❛
♣♦r✿
fX (x) =
1
σ
√
2π
e
− (x− u)2
2σ2 , −∞ < x <∞
❨ s✉ ❢✉♥❝✐ó♥ ❞❡ ❞✐str✐❜✉❝✐ó♥ ❡s✿
FX (x) =
1
σ
√
2π
x∫
−∞
e
− (y − u)2
2σ2 dy , −∞ < x <∞
❨ s❡ ❞❡♥♦t❛ ❝♦♠♦ X ∼ N (µ, σ2)✳
❨ ✉♥❛ ❞✐str✐❜✉❝✐ó♥ ♥♦r♠❛❧ ❝♦♥ µ = 0 ② σ2 = 1 ❡s ❧❧❛♠❛❞❛ ❞✐str✐❜✉❝✐ó♥ ♥♦r♠❛❧
❡stá♥❞❛r s✐ ❢✉♥❝✐ó♥ ❞❡ ❞❡♥s✐❞❛❞ ② ❞✐str✐❜✉❝✐ó♥ t♦♠❛ ❧❛ s✐❣✉✐❡♥t❡s ❢♦r♠❛s r❡s♣❡❝t✐✈❛✲
♠❡♥t❡✿
φ (x) = fX (x) =
1
σ
√
2π
e
−x2
2 , −∞ < x <∞
Φ (x) = FX (x) =
1
σ
√
2π
x∫
−∞
e
−t2
2 dt , −∞ < x <∞
❨ ❡s ❞❡♥♦t❛❞❛ ❝♦♠♦ X ∼ N (0, 1)✳
Pr♦♣♦s✐❝✐ó♥ ❆✳✹✳✶✳ ❙✐ X ∼ N (µ, σ2) ❡♥t♦♥❝❡s ♣❛r❛ ✉♥❛ ❝♦♥st❛♥t❡ c ∈ R s❡ t✐❡♥❡
q✉❡ aX ∼ N (cµ, cσ2)✶✵✳
Pr♦♣♦s✐❝✐ó♥ ❆✳✹✳✷✳ ❙❡❛ X ∼ N (µx, σ2x) ② Y ∼ N
(
µy, σ
2
y
)
❞❡ ♠♦❞♦ q✉❡ X ❡s
✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ Y, ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡ q✉❡ X + Y ∼ N (µx+y, σ2x+y)✶✶✳
✾❯♥❛ ❝♦♠♣❧❡t❛ ❡①♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛ ❞✐str✐❜✉❝✐ó♥ ♥♦r♠❛❧ ② s✉s ♣r♦♣✐❡❞❛❞❡s s❡ ♣✉❡❞❡ ❡♥❝♦♥tr❛r
❆❤s❛♥✉❧❧❛❤ ✭✷✵✶✹✮✱ ♣✲✽✳
✶✵P❛r❛ ✉♥❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ r❡s✉❧t❛❞♦ ✈é❛s❡ ❑❤✉r✐ ✭✷✵✶✵✮✱ ♣✲✻✻✳
✶✶❯♥❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❛ ♣r♦♣♦s✐❝✐ó♥ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❘♦✉ss❛s ✭✷✵✵✸✮✱ ♣✲✶✻✶
❇✐❜❧✐♦❣r❛❢í❛
❆❤s❛♥✉❧❧❛❤✱ ▼✳✱ ❇✳ ▼✳ ●✳ ❑✐❜r✐❛✱ ❛♥❞ ▼✳ ❙❤❛❦✐❧ ✭✷✵✶✹✮✳ ◆♦r♠❛❧ ❛♥❞ st✉❞❡♥t✬s t
❞✐str✐❜✉t✐♦♥s ❛♥❞ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥s✳ ❆t❧❛♥t✐s ❙t✉❞✐❡s ✐♥ Pr♦❜❛❜✐❧✐t② ❛♥❞ ❙t❛t✐st✐❝s✿
✈♦❧✉♠❡ ✹✳ P❛r✐s ✿ ❆t❧❛♥t✐s Pr❡ss✳
❆t❤r❡②❛✱ ❑✳ ❇✳ ❛♥❞ ❙✳ ◆✳ ▲❛❤✐r✐ ✭✷✵✵✻✮✳ ▼❡❛s✉r❡ t❤❡♦r② ❛♥❞ ♣r♦❜❛❜✐❧✐t② t❤❡♦r②✳
❙♣r✐♥❣❡r t❡①ts ✐♥ st❛t✐st✐❝s✳ ◆❡✇ ❨♦r❦ ✿ ❙♣r✐♥❣❡r✳
❇❛s✉✱ ❆✳ ❑✳ ✭✷✵✶✷✮✳ ▼❡❛s✉r❡ t❤❡♦r② ❛♥❞ ♣r♦❜❛❜✐❧✐t② ✭✷ ❡❞✳✮✳ Pr❡♥t✐❝❡✲❍❛❧❧ ♦❢ ■♥❞✐❛✳
❇❤❛tt❛❝❤❛r②❛✱ ❘✳ ◆✳ ❛♥❞ ❊✳ ❈✳ ❲❛②♠✐r❡ ✭✷✵✵✼✮✳ ❆ ❜❛s✐❝ ❝♦✉rs❡ ✐♥ ♣r♦❜❛❜✐❧✐t② t❤❡♦r②✳
❯♥✐✈❡rs✐t❡①t✳ ◆❡✇ ❨♦r❦ ✿ ❙♣r✐♥❣❡r✳
❇✐❡r❡♥s✱ ❍✳ ❏✳ ✭✶✾✾✹✮✳ ❚♦♣✐❝s ✐♥ ❛❞✈❛♥❝❡❞ ❡❝♦♥♦♠❡tr✐❝s ✿ ❡st✐♠❛t✐♦♥✱ t❡st✐♥❣✱ ❛♥❞
s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❝r♦ss✲s❡❝t✐♦♥ ❛♥❞ t✐♠❡ s❡r✐❡s ♠♦❞❡❧s✳ ❈❛♠❜r✐❞❣❡ ❬❊♥❣❧❛♥❞❪ ❀ ◆❡✇
❨♦r❦✱ ◆❨✱ ❯❙❆ ✿ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✳
❇✐❡r❡♥s✱ ❍✳ ❏✳ ✭✷✵✵✹✮✳ ■♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ st❛t✐st✐❝❛❧ ❢♦✉♥❞❛t✐♦♥s
♦❢ ❡❝♦♥♦♠❡tr✐❝s✳ ❚❤❡♠❡s ✐♥ ♠♦❞❡r♥ ❡❝♦♥♦♠❡tr✐❝s✳ ❈❛♠❜r✐❞❣❡✱ ❯❑ ❀ ◆❡✇ ❨♦r❦ ✿
❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✳
❇✐❧❧✐♥❣s❧❡②✱ P✳ ✭✶✾✻✽✮✳ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s✳ ❲✐❧❡② s❡r✐❡s ✐♥ ♣r♦❜❛❜✐✲
❧✐t② ❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧ st❛t✐st✐❝s✳ ◆❡✇ ❨♦r❦✱ ❲✐❧❡②✳
❇✐❧❧✐♥❣s❧❡②✱ P✳ ✭✶✾✾✺✮✳ Pr♦❜❛❜✐❧✐t② ❛♥❞ ♠❡❛s✉r❡✳ ✭✸ ❡❞✳✮✳ ❲✐❧❡② s❡r✐❡s ✐♥ ♣r♦❜❛❜✐❧✐t②
❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧ st❛t✐st✐❝s✳ ◆❡✇ ❨♦r❦ ✿ ❏✳ ❲✐❧❡② ✫ ❙♦♥s✳
✻✶
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❇♦r♦❞✐♥✱ ❆✳ ◆✳ ❛♥❞ P✳ ❙❛❧♠✐♥❡♥ ✭✷✵✵✷✮✳ ❍❛♥❞❜♦♦❦ ♦❢ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✿ ❢❛❝ts ❛♥❞
❢♦r♠✉❧❛❡✳ ✭✷ ❡❞✳✮✳ Pr♦❜❛❜✐❧✐t② ❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥s✳ ❇❛s❡❧ ❀ ❇♦st♦♥ ✿ ❇✐r❦❤ä✉s❡r✳
❇♦r♦✈❦♦✈✱ ❆✳ ❆✳✱ ❑✳ ❆✳ ❇♦r♦✈❦♦✈✱ ❖✳ ❇✳ ❇♦r♦✈❦♦✈❛✱ ❛♥❞ P✳ ❙✳ ❘✉③❛♥❦✐♥ ✭✷✵✶✸✮✳
Pr♦❜❛❜✐❧✐t② t❤❡♦r②✳ ❯♥✐✈❡rs✐t❡①t✳ ▲♦♥❞♦♥ ✿ ❙♣r✐♥❣❡r✳
❇r❛❞❧❡②✱ ❘✳ ❈✳ ✭✷✵✵✺✮✳ ❇❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ str♦♥❣ ♠✐①✐♥❣ ❝♦♥❞✐t✐♦♥s✳ ❛ s✉r✈❡② ❛♥❞
s♦♠❡ ♦♣❡♥ q✉❡st✐♦♥s✳ Pr♦❜❛❜✳ ❙✉r✈❡②s ✷✱ ✶✵✼✕✶✹✹✳
❇r✉❝❦♥❡r✱ ❆✳ ▼✳✱ ❏✳ ❇✳ ❇r✉❝❦♥❡r✱ ❛♥❞ ❇✳ ❙✳ ❚❤♦♠s♦♥ ✭✶✾✾✼✮✳ ❘❡❛❧ ❛♥❛❧②s✐s✳ ❯♣♣❡r
❙❛❞❞❧❡ ❘✐✈❡r✱ ◆✳❏✳ ✿ Pr❡♥t✐❝❡✲❍❛❧❧✳
❈❛♣❛ss♦✱ ❱✳ ❛♥❞ ❉✳ ❇❛❦st❡✐♥ ✭✷✵✶✷✮✳ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ st♦❝❤❛st✐❝
♣r♦❝❡ss❡s ✿ t❤❡♦r②✱ ♠♦❞❡❧s✱ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s t♦ ✜♥❛♥❝❡✱ ❜✐♦❧♦❣②✱ ❛♥❞ ♠❡❞✐❝✐♥❡✳ ✭✷
❡❞✳✮✳ ▼♦❞❡❧✐♥❣ ❛♥❞ s✐♠✉❧❛t✐♦♥ ✐♥ s❝✐❡♥❝❡✱ ❡♥❣✐♥❡❡r✐♥❣ ❛♥❞ t❡❝❤♥♦❧♦❣②✳ ❇♦st♦♥ ✿
❇✐r❦❤ä✉s❡r✳
❈✐♥❧❛r✱ ❊✳ ✭✷✵✶✶✮✳ Pr♦❜❛❜✐❧✐t② ❛♥❞ ❙t♦❝❤❛st✐❝s✳ ●r❛❞✉❛t❡ t❡①ts ✐♥ ♠❛t❤❡♠❛t✐❝s✿ ✷✻✶✳
◆❡✇ ❨♦r❦✿ ▲♦♥❞♥ ❙♣r✐♥❣❡r✳
❉✉❞❧❡②✱ ❘✳ ▼✳ ✭✷✵✵✷✮✳ ❘❡❛❧ ❛♥❛❧②s✐s ❛♥❞ ♣r♦❜❛❜✐❧✐t②✳ ❈❛♠❜r✐❞❣❡ st✉❞✐❡s ✐♥ ❛❞✈❛♥❝❡❞
♠❛t❤❡♠❛t✐❝s✿ ✼✹✳ ❈❛♠❜r✐❞❣❡✱ ❯✳❑✳ ❀ ◆❡✇ ❨♦r❦ ✿ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✳
❉✉r❧❛✉❢✱ ❙✳ ❛♥❞ P✳ P❤✐❧❧✐♣s ✭✶✾✽✽✮✳ ❚r❡♥❞s ✈❡rs✉s r❛♥❞♦♠ ✇❛❧❦s ✐♥ t✐♠❡ s❡r✐❡s ❛♥❛❧②✲
s✐s✳ ❊❝♦♥♦♠❡tr✐❝❛ ✺✻ ✭✻✮✱ ✶✸✸✸✕✺✹✳
❊♥t♦r❢✱ ❍✳ ✭✶✾✾✼✮✳ ❘❛♥❞♦♠ ✇❛❧❦s ✇✐t❤ ❞r✐❢ts✿ ◆♦♥s❡♥s❡ r❡❣r❡ss✐♦♥ ❛♥❞ s♣✉r✐♦✉s
✜①❡❞✲❡✛❡❝t ❡st✐♠❛t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s ✽✵ ✭✷✮✱ ✷✽✼ ✕ ✷✾✻✳
❋✐s❝❤❡r✱ ❍❛♥s✱ ❉✳ ✭✷✵✶✶✮✳ ❆ ❤✐st♦r② ♦❢ t❤❡ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ✿ ❢r♦♠ ❝❧❛ss✐❝❛❧ t♦
♠♦❞❡r♥ ♣r♦❜❛❜✐❧✐t② t❤❡♦r②✳ ❙♦✉r❝❡s ❛♥❞ st✉❞✐❡s ✐♥ t❤❡ ❤✐st♦r② ♦❢ ♠❛t❤❡♠❛t✐❝s ❛♥❞
♣❤②s✐❝❛❧ s❝✐❡♥❝❡s✳ ◆❡✇ ❨♦r❦ ❀ ▲♦♥❞♦♥ ✿ ❙♣r✐♥❣❡r✳
●♦❧❜❡r❣✱ ▼✳ ❛♥❞ ❍✳ ❆✳ ❈❤♦ ✭✷✵✵✸✮✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❘❡❣r❡ss✐♦♥ ❆♥❛❧②s✐s✳ ❈♦♠♣✉✲
t❛t✐♦♥❛❧ ▼❡❝❤❛♥✐❝s✳
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●r❡❡♥❡✱ ❲✳ ❍✳ ✭✷✵✶✷✮✳ ❊❝♦♥♦♠❡tr✐❝ ❛♥❛❧②s✐s✳ ✭✷ ❡❞✳✮✳ ❯♣♣❡r ❙❛❞❞❧❡ ❘✐✈❡r✱ ◆✳❏✳ ✿
P❡❛rs♦♥✴Pr❡♥t✐❝❡ ❍❛❧❧✳
●✉t✱ ❆✳ ✭✷✵✶✸✮✳ Pr♦❜❛❜✐❧✐t② ✿ ❛ ❣r❛❞✉❛t❡ ❝♦✉rs❡✳ ❙♣r✐♥❣❡r t❡①ts ✐♥ st❛t✐st✐❝s✳ ◆❡✇
❨♦r❦ ✿ ❙♣r✐♥❣❡r ❙❝✐❡♥❝❡✰❇✉s✐♥❡ss ▼❡❞✐❛✳
❍❛❧❜❡rt ❲❤✐t❡✱ ■✳ ❉✳ ✭✶✾✽✹✮✳ ◆♦♥❧✐♥❡❛r r❡❣r❡ss✐♦♥ ✇✐t❤ ❞❡♣❡♥❞❡♥t ♦❜s❡r✈❛t✐♦♥s✳
❊❝♦♥♦♠❡tr✐❝❛ ✺✷ ✭✶✮✱ ✶✹✸✕✶✻✶✳
❍❛❧❞r✉♣✱ ◆✳ ✭✶✾✾✹✮✳ ❚❤❡ ❛s②♠♣t♦t✐❝s ♦❢ s✐♥❣❧❡✲❡q✉❛t✐♦♥ ❝♦✐♥t❡❣r❛t✐♦♥ r❡❣r❡ss✐♦♥s
✇✐t❤ ✐✭✶✮ ❛♥❞ ✐✭✷✮ ✈❛r✐❛❜❧❡s✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s ✻✸ ✭✶✮✱ ✶✺✸✕✶✽✶✳
❍❛ss❡❧❡r✱ ❯✳ ✭✷✵✵✵✮✳ ❙✐♠♣❧❡ r❡❣r❡ss✐♦♥s ✇✐t❤ ❧✐♥❡❛r t✐♠❡ tr❡♥❞s✳ ❏♦✉r♥❛❧ ♦❢ ❚✐♠❡
❙❡r✐❡s ❆♥❛❧②s✐s ✷✶ ✭✶✮✱ ✷✼✕✸✷✳
❍❛ss❧❡r✱ ❯✳ ✭✶✾✾✻✮✳ ❙♣✉r✐♦✉s r❡❣r❡ss✐♦♥s ✇❤❡♥ st❛t✐♦♥❛r② r❡❣r❡ss♦rs ❛r❡ ✐♥❝❧✉❞❡❞✳
❊❝♦♥♦♠✐❝s ▲❡tt❡rs ✺✵ ✭✶✮✱ ✷✺ ✕ ✸✶✳
❍❛ss❧❡r✱ ❯✳ ✭✷✵✶✻✮✳ ❙t♦❝❤❛st✐❝ Pr♦❝❡ss❡s ❛♥❞ ❈❛❧❝✉❧✉s ❆♥ ❊❧❡♠❡♥t❛r② ■♥tr♦❞✉❝t✐♦♥
✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥s✳ ❙♣r✐♥❣❡r ■♥t❡r♥❛t✐♦♥❛❧ P✉❜❧✐s❤✐♥❣✳
❍❛②❛s❤✐✱ ❋✳ ✭✷✵✵✵✮✳ ❊❝♦♥♦♠❡tr✐❝s✳ Pr✐♥❝❡t♦♥✱ ◆✳❏✳ ✿ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✳
❍❡rr♥❞♦r❢✱ ◆✳ ✭✶✾✽✹✱ ✵✷✮✳ ❆ ❢✉♥❝t✐♦♥❛❧ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ❢♦r ✇❡❛❦❧② ❞❡♣❡♥❞❡♥t
s❡q✉❡♥❝❡s ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❆♥♥❛❧s ♦❢ ♣r♦❜❛❜✐❧✐t② ✶✷ ✭✶✮✱ ✶✹✶✕✶✺✸✳
❏✐❛♥❣✱ ❏✳ ✭✷✵✶✵✮✳ ▲❛r❣❡ s❛♠♣❧❡ t❡❝❤♥✐q✉❡s ❢♦r st❛t✐st✐❝s✳ ❙♣r✐♥❣❡r t❡①ts ✐♥ st❛t✐st✐❝s✳
◆❡✇ ❨♦r❦ ✿ ❙♣r✐♥❣❡r✳
❏♦♦♥ ❨✳ P❛r❦✱ P✳ ❈✳ ❇✳ P✳ ✭✶✾✽✽✮✳ ❙t❛t✐st✐❝❛❧ ✐♥❢❡r❡♥❝❡ ✐♥ r❡❣r❡ss✐♦♥s ✇✐t❤ ✐♥t❡❣r❛t❡❞
♣r♦❝❡ss❡s✿ P❛rt ✶✳ ❊❝♦♥♦♠❡tr✐❝ ❚❤❡♦r② ✹ ✭✸✮✱ ✹✻✽✕✹✾✼✳
❏♦♦♥ ❨✳ P❛r❦✱ P✳ ❈✳ ❇✳ P✳ ✭✶✾✽✾✮✳ ❙t❛t✐st✐❝❛❧ ✐♥❢❡r❡♥❝❡ ✐♥ r❡❣r❡ss✐♦♥s ✇✐t❤ ✐♥t❡❣r❛t❡❞
♣r♦❝❡ss❡s✿ P❛rt ✷✳ ❊❝♦♥♦♠❡tr✐❝ ❚❤❡♦r② ✺ ✭✶✮✱ ✾✺✕✶✸✶✳
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❑❛r❧✐♥✱ ❙✳ ❛♥❞ ❍✳ ▼✳ ❚❛②❧♦r ✭✶✾✼✺✮✳ ❆ ✜rst ❝♦✉rs❡ ✐♥ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✳ ✭✷ ❡❞✳✮✳
◆❡✇ ❨♦r❦ ✿ ❆❝❛❞❡♠✐❝ Pr❡ss✳
❑❤♦s❤♥❡✈✐s❛♥✱ ❉✳ ✭✷✵✵✼✮✳ Pr♦❜❛❜✐❧✐t②✳ ●r❛❞✉❛t❡ st✉❞✐❡s ✐♥ ♠❛t❤❡♠❛t✐❝s✿ ✈✳ ✽✵✳
Pr♦✈✐❞❡♥❝❡✱ ❘✳■✳ ✿ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✳
❑❤✉r✐✱ ❆✳ ■✳ ✭✷✵✶✵✮✳ ▲✐♥❡❛r ♠♦❞❡❧ ♠❡t❤♦❞♦❧♦❣②✳ ❇♦❝❛ ❘❛t♦♥ ✿ ❈❘❈ Pr❡ss✳
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